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Should Investors Avoid All Actively Managed Mutual Funds? A Study in
Bayesian Performance Evaluation
Abstract
This paper analyzes mutual-fund performance from an investor's perspective. We study the portfolio-choice
problem for a mean-variance investor choosing among a risk-free asset, index funds, and actively managed
mutual funds. To solve this problem, we employ a Bayesian method of performance evaluation; a key
innovation in our approach is the development of a flexible set of prior beliefs about managerial skill. We then
apply our methodology to a sample of 1,437 mutual funds. We find that some extremely skeptical prior beliefs
nevertheless lead to economically significant allocations to active managers.
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Should investors avoid all actively managed mutual funds?
A study in Bayesian performance evaluation
Abstract
This paper analyzes mutual-fund performance from an investor’s perspective. We
study the one-period portfolio allocation problem for a mean-variance investor choosing
from a risk-free asset, benchmark assets (passively managed index funds) and non-
benchmark assets (actively managed mutual funds). To solve this problem, we propose
and employ a B yesian method of performance evaluation; the main innovation in our
approach is the development of a flexible set of prior beliefs about managers’ abnormal
performance (“alphas”). We motivate this Bayesian approach by demonstrating
unrealistic results for an investor who ignores prior beliefs and relies only on the data.
We then apply our methodology to a sample of domestic diversified equity mutual funds
and ask “what prior beliefs would imply zero investment in active managers?” In this
sample, it is not possible to reject the null hypothesis that the best performance is due to
chance.  Nevertheless, we find that the policy of zero investment in active managers can
only be supported by extremely skeptical prior beliefs about the probability of skill; such
extreme skepticism could not possibly be “proved” using current methods and data.
Dfwlyho| pdqdjhg htxlw| pxwxdo ixqgv kdyh wuloolrqv ri grooduv lq dvvhwv/ froohfw whqv ri
eloolrqv lq pdqdjhphqw ihhv/ dqg duh wkh vxemhfw ri hqruprxv dwwhqwlrq iurp lqyhvwruv/ wkh
suhvv/ dqg uhvhdufkhuv1 Iru |hduv/ pdq| h{shuwv kdyh ehhq vd|lqj wkdw lqyhvwruv zrxog eh
ehwwhu r lq orz0frvw sdvvlyho| pdqdjhg lqgh{ ixqgv1 Qrwzlwkvwdqglqj wkh uhfhqw jurzwk
lq lqgh{ ixqgv/ dfwlyh pdqdjhuv vwloo frqwuro wkh ydvw pdmrulw| ri pxwxdo0ixqg dvvhwv1 Duh
dq| ri wkhvh dfwlyh pdqdjhuv zruwk wkhlu dgghg h{shqvhvB Vkrxog lqyhvwruv dyrlg doo dfwlyho|
pdqdjhg pxwxdo ixqgvB
Vlqfh Mhqvhq +4<9;,/ prvw vwxglhv kdyh irxqg wkdw wkh xqlyhuvh ri pxwxdo ixqgv grhv qrw
rxwshuirup lwv ehqfkpdunv diwhu h{shqvhv14 Wklv hylghqfh lqglfdwhv wkdw wkh dyhudjh dfwlyh
pxwxdo ixqg vkrxog eh dyrlghg1 Rq wkh rwkhu kdqg/ uhfhqw vwxglhv kdyh irxqg wkdw ixwxuh
deqrupdo uhwxuqv +doskdv, fdq eh iruhfdvw xvlqj sdvw uhwxuqv ru doskdv/5 sdvw ixqg lq rzv/6
dqg pdqdjhu fkdudfwhulvwlfv vxfk dv djh/ hgxfdwlrq/ dqg VDW vfruhv17 Jlyhq wklv hylghqfh/
lw lv srvvleoh wkdw doskdv duh shuvlvwhqw/ dqg wkdw vrph pdqdjhuv kdyh srvlwlyh h{shfwhg
doskdv1 Shukdsv 314 shufhqw ri doo pdqdjhuv kdyh srvlwlyh h{shfwhg doskdv1 Shukdsv qrqh gr1
Xvlqj fxuuhqw gdwd dqg phwkrgv/ whvwv wkdw glvwlqjxlvk ehwzhhq wkhvh wzr srvvlelolwlhv zloo
kdyh yhu| orz srzhu1 Qhyhuwkhohvv/ vxfk vpdoo glhuhqfhv pd| kdyh odujh frqvhtxhqfhv iru
lqyhvwruv1
4 Uhfhqwo|/ Pdonlho +4<<8,/ Fdukduw +4<<8, dqg Gdqlho hw do1 +4<<:, doo qg vpdoo ru }hur dyhudjh deqrupdo
uhwxuqv e| xvlqj prghuq shuirupdqfh0hydoxdwlrq phwkrgv rq vdpsohv wkdw duh uhodwlyho| iuhh ri vxuylyruvkls
eldv1
5 Fduovrq +4<:3,/ Ohkpdqq dqg Prghvw +4<;:,/ Julqeodww dqg Wlwpdq +4<;;/ 4<<5,/ Khqgulfnv/ Sdwho/
dqg ]hfnkdxvhu +4<<6,/ Jrhw}pdqq dqg Leerwvrq +4<<7,/ Eurzq dqg Jrhw}pdqq +4<<8,/ Howrq/ Juxehu dqg
Eodnh +4<<9,/ Fdukduw +4<<:,1
6 Juxehu +4<<9,/ ]khqj +4<<<,1
7 Jrohf +4<<9,/ Fkhydolhu dqg Hoolvrq +4<<<,1
4
Lq wklv sdshu/ zh h{soruh wkhvh frqvhtxhqfhv e| h{solflwo| wdnlqj dq lqyhvwru*v shuvshfwlyh1
Zh vwxg| wkh rqh0shulrg sruwirolr doorfdwlrq sureohp iru d phdq0yduldqfh lqyhvwru fkrrvlqj
iurp d ulvnohvv dvvhw/ ehqfkpdun dvvhwv +sdvvlyho| pdqdjhg lqgh{ ixqgv,/ dqg qrq0ehqfkpdun
dvvhwv +dfwlyho| pdqdjhg pxwxdo ixqgv,1 Zh sursrvh dqg hpsor| d Ed|hvldq phwkrg ri
shuirupdqfh hydoxdwlrq> wkh pdlq lqqrydwlrq lq rxu dssurdfk lv wkh ghyhorsphqw ri d  h{leoh
vhw ri sulru eholhiv derxw doskdv wkdw duh frqvlvwhqw zlwk lqwxlwlrq derxw pdqdjhuldo vnloo1 Lq
wklv iudphzrun/ wkh sulru suredelolw| ri pdqdjhuldo vnloo fdq eh pdgh duelwudulo| vpdoo +ru
}hur,/ vr lqyhvwruv fdq lqwhusuhw wkh uhvxowv owhuhg wkurxjk wkhlu rzq eholhiv1
Rxu dssurdfk lv vlplodu wr vhyhudo uhfhqw sdshuv wkdw wdnh dq lqyhvwphqw shuvshfwlyh dqg
xvh sulru eholhiv fhqwhuhg rq dq hfrqrplf prgho1 +Ndqgho dqg Vwdpedxjk +4<<9,/ Sävwru
+4<<<,/ Sävwru dqg Vwdpedxjk +4<<<e,/ dqg PdfNlqod| dqg Sävwru +4<<<,,1 Olnh wkh odwwhu
wkuhh sdshuv/ rxu whfkqltxhv exlog xsrq wkh zrun ri Sävwru dqg Vwdpedxjk +4<<<d,> lq
sduwlfxodu/ rxu ghqlwlrq ri vnloo* dprqj pdqdjhuv sod|v wkh vdph pdwkhpdwlfdo uroh dv
prgho plvsulflqj grhv lq wkhlu dqdo|vlv18
Lq Vhfwlrq L/ zh irupdoo| srvh wkh lqyhvwru*v sureohp dqg glvfxvv wkh frqglwlrqv xqghu
zklfk wkhuh lv srvlwlyh lqyhvwphqw lq dq dfwlyh pdqdjhu1 Wklv h{huflvh vkrzv wkdw dq lqyhvwru
zkr uholhv rqo| rq wkh gdwd zrxog fkrrvh wr lqyhvw lq dq dfwlyh pdqdjhu zkhqhyhu wkh srlqw
hvwlpdwh ri doskd lv juhdwhu wkdq }hur1 Wklv uhvxow vhhpv frqwudu| wr prvw lqyhvwphqw dgylfh
8 Wkhuh lv d uhodwhg olwhudwxuh wkdw hpsor|v Ed|hvldq phwkrgv wr h{soruh wkh uroh ri hvwlpdwlrq ulvn rq
sruwirolr fkrlfh1 Vhh Eduehulv +4<<<,/ Edzd/ Eurzq dqg Nohlq +4<:<,/ Eurzq +4<:<,/ Iurvw dqg Vdydulqr
+4<;9,/ Mrevrq dqg Nrunlh +4<;3,/ Mrevrq/ Nrunlh dqg Udwwl +4<:<,/ Mrulrq +4<;8/ 4<;9/ dqg 4<<4, dqg Nohlq
dqg Edzd +4<:9,1 Lq wkhvh dssolfdwlrqv/ krzhyhu/ sulru eholhiv derxw sdudphwhuv duh w|slfdoo| qrqlqirupdwlyh
ru frph iurp hpslulfdo Ed|hv surfhgxuhv1 Dovr/ dqrwkhu uhodwhg olqh ri uhvhdufk irfxvhv rq wkh uroh ri sulru
eholhiv lq prgho whvwlqj1 Vhh Ndqgho/ PfFxoorfk/ dqg Vwdpedxjk +4<<8,/ PfFxoorfk dqg Urvvl +4<<3,/ dqg
Vkdqnhq +4<;:,1
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derxw dfwlyh pdqdjhphqw dqg prwlydwhv wkh xvh ri lqiruphg sulru eholhiv derxw wkh iuhtxhqf|
dqg pdjqlwxgh ri pdqdjhu vnloo1 Zh wkhq srvlw d  h{leoh ixqfwlrqdo irup iru wkhvh eholhiv1
Rqfh sulru eholhiv kdyh ehhq vshflhg/ wkh lqyhvwru*v ghflvlrq uhgxfhv wr d Ed|hvldq
lqihuhqfh sureohp/ zklfk zh vroyh lq Vhfwlrq LL1 Xvlqj sulru eholhiv prwlydwhg lq Vhfwlrq
L/ zh ghulyh dq dqdo|wlfdo vroxwlrq iru wkh srvwhulru h{shfwdwlrq ri doskd1 Rxu vroxwlrq lv
h{suhvvhg dv d irupxod zkrvh lqsxwv duh prglhg prphqwv ri zhoo0nqrzq glvwulexwlrqv1
Zkloh rxu irfxv lv rq pxwxdo0ixqg pdqdjhuv/ wklv irupxod fdq dovr eh dssolhg wr pdqdjhuv
ru sruwirolr vwudwhjlhv lq rwkhu frqwh{wv1 Lw fdq eh dssolhg wr d vlqjoh pdqdjhu lq lvrodwlrq
dqg grhv qrw uhtxluh d frpsuhkhqvlyh ru eldv0iuhh gdwdedvh1 Lq hdfk frqwh{w/ wkh sulru eholhiv
pd| eh glhuhqw/ dqg uljkwo| vr1 Zh dovr vkrz krz sulru eholhiv fdq eh holflwhg e| lqwxlwlyh
txhvwlrqv vxfk dv zkdw lv wkh suredelolw| wkdw d pdqdjhu kdv dq h{shfwhg doskd juhdwhu
wkdq 58 es shu prqwkB/ dqg zh pds wkh dqvzhuv wr wkhvh txhvwlrqv lqwr wkh sdudphwhuv ri
wkh sulru eholhi glvwulexwlrq1
Vhfwlrq LLL dssolhv rxu phwkrgrorj| wr dq lqyhvwru*v fkrlfh ryhu d odujh vhw ri htxlw|0
pxwxdo0ixqg pdqdjhuv1 Zh xvh d vdpsoh ri 476: grphvwlf glyhuvlhg htxlw| ixqgv lq h{0
lvwhqfh dw wkh hqg ri 4<<9/ dqg orrn dw wkh ixoo uhwxuq klvwru| iru wkh pdqdjhuv lq sodfh
dw wkdw wlph1 Xvlqj wkh wkuhh0idfwru prgho ri Idpd dqg Iuhqfk +4<<6,/ zh fdofxodwh wkh
srvwhulru h{shfwdwlrq ri doskd iru hdfk pdqdjhu ryhu d zlgh udqjh ri sulru eholhiv1 Zh wkhq
dvn/ zkdw sulru eholhiv zrxog lpso| }hur lqyhvwphqw lq dfwlyh pdqdjhuvB Wr mxvwli| vxfk
d }hur0lqyhvwphqw vwudwhj|/ zh qg wkdw d phdq0yduldqfh lqyhvwru zrxog uhtxluh h{wuhpho|
vnhswlfdo eholhiv derxw wkh srvvlelolw| ri pdqdjhuldo vnloo1 Zh wkhq glvfxvv krz wr uhfrq0
6
floh wkh iuhtxhqwlvw dqg Ed|hvldq hylghqfh iru wklv vdpsoh1 Vhfwlrq LY frqfoxghv zlwk dq
lqwhusuhwdwlrq ri rxu uhvxowv1
L1 Wkh lqyhvwru*v sureohp dqg sulru eholhiv
Frqvlghu d phdq0yduldqfh lqyhvwru fkrrvlqj iurp d ulvn0iuhh dvvhw/ d vhw ri g ehqfkpdun
dvvhwv +sdvvlyho| pdqdjhg lqgh{ ixqgv, dqg d vlqjoh qrq0ehqfkpdun dvvhw +dq dfwlyh lqyhvw0
phqw pdqdjhu,1 Dvvxph wkdw wklv pdqdjhu kdv ehhq udqgrpo| vhohfwhg iurp d eldv0iuhh
vdpsoh1 Xqghu zkdw frqglwlrqv zloo wkh lqyhvwru sodfh dq| ri khu sruwirolr lq wkh dfwlyh
pdqdjhuB Lq wklv vhfwlrq/ zh ghulyh wkh qhfhvvdu| frqglwlrq iru srvlwlyh lqyhvwphqw dqg
vkrz wkdw dq lqyhvwru zkr uholhv rqo| rq wkh gdwd zloo duulyh dw d frxqwhulqwxlwlyh rxwfrph1
Wklv prwlydwhv d Ed|hvldq shuirupdqfh0hydoxdwlrq dssurdfk zlwk wkh xvh ri lqiruphg sulru
eholhiv derxw pdqdjhu vnloo1 Zh wkhq sursrvh d  h{leoh dqg uhdvrqdeoh irup iru wkhvh sulru
eholhiv1
Ohw 8 dqg o ghqrwh wkh h{fhvv uhwxuqv rq wkh lqgh{ ixqgv dqg dfwlyh pdqdjhu/ uhvshfwlyho|1
Ohw  eh wkh zhljkw rq wkh dfwlyh pdqdjhu/ zlwk lwv rswlpdo ohyho zulwwhq dv W1 Qh{w/ ghqh
wkh shuirupdqfh0hydoxdwlrq htxdwlrq iru wkh dfwlyh pdqdjhu dv
o ’ kn q8 n 0c +4,
zkhuh 0 lv glvwulexwhg  Efc j21 Lq rxu dqdo|vlv/ zh wuhdw k dqg q dv {hg sdudphwhuv wkdw
ehorqj wr d pdqdjhu/ dqg qrw wr wkh pxwxdo ixqg wkdw kh pdqdjhv1 Lq sulqflsoh/ wkh
dvvxpswlrq ri {hg sdudphwhuv fdq eh uhod{hg dqg wkh| fdq eh doorzhg wr ydu| ryhu wlph
dqg zlwk wkh fkdudfwhulvwlfv ri wkh pdqdjhu*v sruwirolr1
7
Xqghu vrph frqglwlrqv +vhh Dsshqgl{ F,/ rqh fdq dgrsw d Ed|hvldq surfhgxuh iru hvwl0
pdwlqj k dqg vroyh iru Wdv
W ’ Skc +5,
zkhuh k lv wkh srvwhulru phdq iru k dqg S : f1 Wkxv/ wkh ghflvlrq uxoh lv wr lqyhvw lq
wkh dfwlyh pdqdjhu li dqg rqo| li wkh srvwhulru phdq ri k lv srvlwlyh1 Lq wklv fdvh/ zh kdyh
uhgxfhg wkh ghflvlrq uxoh wr d Ed|hvldq lqihuhqfh sureohp rq k1 Iru h{dpsoh/ li wkh lqyhvwru
kdv glxvh +qrqlqirupdwlyh, sulru eholhiv iru wkhvh sdudphwhuv/ wkhq srvwhulru eholhiv zrxog
eh frpsohwho| ghwhuplqhg e| wkh gdwd dqg zh frxog zulwh
W ’ S2	kc +6,
zkhuh 	k lv wkh iuhtxhqwlvw ROV hvwlpdwh +@ srvwhulru phdq, iru k dqg S2 : f1 Wkxv/ dq
lqyhvwru zlwk glxvh sulru eholhiv zrxog lqyhvw zlwk wkh dfwlyh pdqdjhu dv orqj dv 	k lv
srvlwlyh1
Wklv uhvxow vhhpv frxqwhulqwxlwlyh  zlwk glxvh sulru eholhiv/ dq| srvlwlyh uhdol}dwlrq iru 	k
zrxog ohdg wr srvlwlyh lqyhvwphqw lq wkh dfwlyh pdqdjhu1 Zkloh wkh vwdwlvwlfdo vljqlfdqfh
ri 	k zrxog sod| d uroh lq wkh fdofxodwlrq ri S2 dqg wkh ohyho ri 
W/ lw grhv qrw dhfw wkh vljq
ri W1 Pruhryhu/ lw lv hdv| wr frqvwuxfw h{dpsohv zkhuh 	k lv qrw vwdwlvwlfdoo| vljqlfdqw
exw W lv hfrqrplfdoo| odujh1 Zh eholhyh wkdw wkh uhdvrq wklv uhvxow vhhpv shuyhuvh lv wkdw
ihz lqyhvwruv dfwxdoo| kdyh glxvh sulru eholhiv derxw k1 Iru h{dpsoh/ d w|slfdo dujxphqw
djdlqvw dfwlyh pdqdjhphqw vwuhvvhv wkh h{shqvhv ri dfwlyh pdqdjhphqw dqg wkh udulw| +ru
qrqh{lvwhqfh, ri vnloohg pdqdjhuv1 Wklv dujxphqw lpsolhv sulru eholhiv wkdw prvw pdqdjhuv
kdyh qhjdwlyh h{shfwhg doskdv +diwhu h{shqvhv, dqg wkdw prvw srvlwlyh uhdol}dwlrqv ri 	k duh
8
gxh wr oxfn1 Dq lqyhvwru wkdw lpsolflwo| kdv vxfk sulru eholhiv vkrxog h{solflwo| xvh wkhp/ ru
vkh ulvnv duulylqj dw lqfruuhfw dqg vxerswlpdo rxwfrphv1 Wklv lv wkh sulpdu| prwlydwlrq iru
rxu Ed|hvldq shuirupdqfh hydoxdwlrq phwkrgv1
Lq wklv sdshu/ zh h{solflwo| prgho vxfk sulru eholhiv iru k1 Iljxuh 4 jlyhv d judsklfdo
uhsuhvhqwdwlrq1 Iru qrz/ zh frqvlghu wkh fdvh zkhuh wkh yduldqfh ri 0 lv nqrzq/ vr wkdw wkh
pdqdjhu*v ohyho ri uhvlgxdo ulvn lv khog frqvwdqw19 Wkh sulru vhsdudwhv pdqdjhuv lqwr wzr
w|shv= vnloohg +zlwk suredelolw| ^, dqg xqvnloohg +zlwk suredelolw|  ^, Wkh nh| ihdwxuhv ri
wkh glvwulexwlrq duh wkh orzhu erxqg dqg srlqw pdvv ri xqvnloohg pdqdjhuv dw k 	 f/ dqg wkh
uljkw wdlo ri d qrupdo glvwulexwlrq dv wkh ixqfwlrqdo irup iru k dprqj vnloohg pdqdjhuv1 Wkh
qrupdo glvwulexwlrq lv fkrvhq iru dqdo|wlf wudfwdelolw|/ exw lv dovr d xvhixo dssur{lpdwlrq iru
vnloo glvwulexwlrqv lq pdq| rwkhu frqwh{wv1 Wkh sdudphwhuv ^ dqg jk doorz wkh lqyhvwru juhdw
odwlwxgh lq khu eholhiv derxw pdqdjhuldo vnloo1 Li vkh lv yhu| vnhswlfdo derxw wkh iuhtxhqf|
dqg pdjqlwxgh ri vnloo/ wkhq vkh zrxog vhw erwk sdudphwhuv wr eh vpdoo1 Lq wkh olplw/ hlwkhu
^ ’ f ru jk ’ f lpsolhv qr srvvlelolw| ri vnloo1
Wkh srlqw pdvv lq Iljxuh 4 rffxuv dw k ’ @  see  SJr| 	 f1 Khuh/ zh vhw @ vr wkdw
. Ek ’ see SJr|1 Wklv uhvwulfwlrq irufhv wkh dyhudjh k/ ehiruh ihhv dqg frvwv/ wr eh }hur1
Zlwk wkhvh sulru eholhiv/ doo deqrupdo uhwxuqv hduqhg e| vnloohg pdqdjhuv pxvw frph dw wkh
h{shqvh ri wkhlu xqvnloohg frxqwhusduwv1 Wkxv/ dq xqvnloohg pdqdjhu lv h{shfwhg wr hduq d
qhjdwlyh k wkdw frqvlvwv ri wkuhh frpsrqhqwv= @/ klv orvvhv gxh wr wudqvdfwlrqv zlwk vnloohg
pdqdjhuv/ see/ klv wrwdo ihhv/ dqg SJr|/ klv wudqvdfwlrqv frvwv1 Zkloh @ lv wkh vdph iru doo
9 Lq Vhfwlrq LL/ zh lqwurgxfh d olqn ehwzhhq pdqdjhu*v uhvlgxdo ulvn dqg sulru h{shfwdwlrqv iru 1
9
pdqdjhuv/ wkh rwkhu frpsrqhqwv/ see dqg SJr|/ zloo jhqhudoo| glhu dfurvv pdqdjhuv1
Zk| gr zh dvvxph d orzhu erxqg dw kB Xqghu vrph lqwhusuhwdwlrqv ri htxdwlrq +4,/
wklv dvvxpswlrq lv orjlfdo1 Iru h{dpsoh/ li wkh pdunhw lv vhpl0vwurqj h!flhqw +Idpd +4<:3,,
zlwk uhvshfw wr +4,/ zkhuh wkh lqgh{ ixqgv duh lqwhusuhwhg dv d frpsohwh vhw ri ulvn idfwruv/
wkhq qr pdqdjhu vkrxog eh h{shfwhg wr kdyh dq k ehorz k1 Zkloh pdq| pdqdjhuv zloo
kdyh uhdol}dwlrqv ehorz wklv ohyho/ rqh zrxog qhhg wr eh v|vwhpdwlfdoo| wudglqj rq qrq0sxeolf
plvlqirupdwlrq lq rughu wr kdyh dq h{shfwhg k ehorz k1 Li/ lqvwhdg/ wkh pdunhw lv qrw
vhpl0vwurqj h!flhqw dqg pdqdjhuldo vnloo lv edvhg xsrq wkh xvh ri sxeolf lqirupdwlrq wr
h{sorlw ghflvlrq0pdnlqj eldvhv/ wkhq glhuhqwldo lqflghqfh ri vxfk eldvhv zrxog uhvxow lq d
vrph sulru pdvv ehorz k1: E| lpsrvlqj d orzhu erxqg dw k/ zh duh dvvxplqj wkdw dq|
ehkdylrudo eldvhv duh hyhqo| glvwulexwhg dprqj doo pdqdjhuv1 Zkloh wklv dvvxpswlrq zloo
dhfw lqihuhqfh iru wkh zruvw0shuiruplqj pdqdjhuv/ lw vkrxog kdyh olwwoh hhfw rq srvwhulru
eholhiv iru wkh ehvw0shuiruplqj rqhv1
Rqfh sulru eholhiv kdyh ehhq vshflhg/ wkh qh{w vwhs lv wr frpelqh wkhvh eholhiv zlwk gdwd
dqg frpsxwh d srvwhulru hvwlpdwh iru k1 Wklv srvwhulru hvwlpdwh fdq wkhq eh vxevwlwxwhg
lqwr +5, wr rewdlq wkh lqyhvwru*v vroxwlrq1 Zh vroyh wklv Ed|hvldq lqihuhqfh sureohp lq wkh
qh{w vhfwlrq1
: Rqh zd| wr prgho wklv srvvlelolw| zrxog eh wr pdnh wkh sulru glvwulexwlrq iru  v|pphwulf durxqg
1 Lq idfw/ wklv dvvxpswlrq zrxog juhdwo| vlpsoli| rxu dqdo|vlv1 Zh gr qrw xvh d v|pphwulf glvwulexwlrq
ehfdxvh zh qg vxfk sulru eholhiv wr eh lpsodxvleoh1 D v|pphwulf sulru glvwulexwlrq iru  zrxog lpso| wkdw
iru hyhu| vnloohg pdqdjhu zlwk vxshulru mxgjhphqw ru wkh delolw| wr h{sorlw wkh ehkdylrudo dqrpdolhv ri rwkhu
lqyhvwruv/ wkhuh lv dqrwkhu pdqdjhu zkr v|vwhpdwlfdoo| grhv wkh rssrvlwh1
:
LL1 Ed|hvldq shuirupdqfh hydoxdwlrq dqg sruwirolr fkrlfh
Wklv vhfwlrq/ dorqj zlwk wkh Dsshqgl{/ surylghv wkh ghwdlov ri rxu phwkrgrorj|1 Lq
Vhfwlrq LL1D/ zh surylgh wkh olnholkrrg ixqfwlrq iru d jhqhudo +xqfrqglwlrqdo, idfwru uhsuh0
vhqwdwlrq ri pdqdjhu uhwxuqv1 Vhfwlrq LL1E jlyhv d frpsohwh pdwkhpdwlfdo uhsuhvhqwdwlrq
iru sulru eholhiv/ dqg Vhfwlrq LL1F srvhv irxu txhvwlrqv vx!flhqw wr holflw wklv uhsuhvhqwdwlrq1
Lq Vhfwlrq LL1G/ zh frpelqh wkhvh sulru eholhiv zlwk wkh olnholkrrg ixqfwlrq dqg ghulyh dq
dqdo|wlfdo vroxwlrq iru wkh srvwhulru h{shfwdwlrq ri k1 Wdnhq wrjhwkhu/ Vhfwlrqv LL1D wkurxjk
LL1G vroyh wkh lqihuhqfh sureohp iru d vlqjoh pdqdjhu vwxglhg lq lvrodwlrq1 Vhfwlrq LL1H h{0
whqgv wkh sruwirolr0fkrlfh dqdo|vlv wr pxowlsoh pdqdjhuv1 Ilqdoo|/ Vhfwlrq LL1I glvfxvvhv wkh
lpsolfdwlrqv ri vxuylyru eldv iru rxu dqdo|vlv1
D1 Olnholkrrg
Ohw o ghqrwh d A   yhfwru ri h{fhvv uhwxuqv iru d pdqdjhu dqg 8 d A g pdwul{ ri
idfwru uhwxuqv1 Wkh uhjuhvvlrq glvwxuedqfh 0 lq +4, lv dvvxphg wr eh d vhuldoo| xqfruuhodwhg/
krprvnhgdvwlf uhdol}dwlrq iurp d qrupdo glvwulexwlrq/ zlwk }hur phdq dqg yduldqfh htxdo wr
j2 Wkhq/ zh zulwh wkh olnholkrrg iru o frqglwlrqdo rq 8 dv
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zkhuh A lv d A 0yhfwru ri rqhv/ dqg UA lv d A  A lghqwlw| pdwul{1 Wkxv/ pdqdjhu uhwxuqv
frqglwlrqdo rq idfwru uhwxuqv duh qrupdoo| glvwulexwhg dqg kdyh d vwdqgdug idfwru vwuxfwxuh1
Zh dvvxph wkdw wkh idfwruv 8 gr qrw ghshqg rq k/ q ru j/ vr wkh h{dfw vshflfdwlrq ri wkh
idfwru olnholkrrg lv qrw qhfhvvdu| iru rxu dqdo|vlv lq wklv vhfwlrq1
;
E1 Sulru eholhiv
Wkh qh{w vwhs lv wr vwdwh wkh sulru eholhiv iru wkh sdudphwhuv lq +7,1 Dv glvfxvvhg lq wkh
suhylrxv vhfwlrq/ pdqdjhuv duh hlwkhu vnloohg ru xqvnloohg1 Wkhvh wzr vwdwhv ri wkh zruog duh
lqgh{hg e| wkh vwdwh yduldeoh ~/ zlwk ~ ’  ghqrwlqj wkh vnloohg vwdwh dqg ~ ’ f ghqrwlqj
wkh xqvnloohg vwdwh1 Wkh suredelolw| ri wkh vnloohg vwdwh lv ^1 Lq wkh devhqfh ri gdwd rq
wkh uhwxuqv ri d pdqdjhu/ wkh suredelolw| wkdw wkh pdqdjhu kdv vnloo lv vlpso| jlyhq e| wkh
suredelolw| wkdw vnloo h{lvwv lq wkh srsxodwlrq/ ru  E~ ’ 1 Zh dvvxph wkdw rqo| k ghshqgv
rq zkhwkhu ru qrw wkh pdqdjhu lv vnloohg> wkh idfwru ordglqjv/ q/ dqg uhvlgxdo ulvn/ j/ gr qrw1
Xqghu wkhvh dvvxpswlrqv/ wkh sulru glvwulexwlrq fdq eh zulwwhq dv
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Zh xvh d glxvh sulru rq q dqg j2 +Jhopdq hw do1 +4<<8,,,=
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Wkh glxvh sulru rq q lv qhfhvvdu| lq rughu wr rewdlq dqdo|wlfdo uhvxowv1 Lw lv dovr d uhdvrq0
deoh vwduwlqj srlqw zkhq dqdo|}lqj pdqdjhg sruwirolrv/ zkhuh q fdq eh hvwlpdwhg uhodwlyho|
suhflvho| +dv frpsduhg wr wkh q ri lqglylgxdo vwrfnv,1 Wkh glxvh sulru rq j2 lv qrw qhfhvvdu|
iru dqdo|wlfdo uhvxowv/ exw lw vlpsolhv qrwdwlrq dqg doorzv xv wr irfxv rxu dwwhqwlrq rq wkh
uroh sod|hg e| k1 Dsshqgl{ D uhod{hv wklv vhfrqg dvvxpswlrq dqg vroyhv iru wkh srvwhulru
zkhq j2 kdv dq lqirupdwlyh sulru> wkhq/ wkh glxvh sulru xvhg khuh ehfrphv d olplwlqj fdvh1
Zh wxuq qh{w wr k/ wkh pdlq sdudphwhu ri lqwhuhvw1 Hvvhqwldoo|/ zh zdqw wr zulwh grzq d
pdwkhpdwlfdo uhsuhvhqwdwlrq ri Iljxuh 41 Wkh rqh dgglwlrqdo wzlvw lv wr uhfrjql}h wkdw sulru
<
eholhiv iru k vkrxog eh frqglwlrqhg rq vrph ohyho ri uhvlgxdo ulvn1 Iru h{dpsoh/ frqvlghu d
ixoo|0lqyhvwhg pdqdjhu zkr kdv dq k ri k dqg lv wdnlqj rq r xqlwv ri uhvlgxdo ulvn1 Wkhq/ li
wklv pdqdjhu zhuh wr wdnh rq d iw|0shufhqw fdvk srvlwlrq/ klv uhvlgxdo ulvn zrxog ghfuhdvh
wr r*2 dqg klv k zrxog idoo wr k*21 Wkh ixoo vshflfdwlrq ri wkh sulru iru k uhfrjql}hv wklv
uhodwlrqvkls dqg lv zulwwhq dv
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zkhuh % lv wkh Gludf ghowd ixqfwlrq zlwk pdvv srlqw dw %/ f lv wkh lqglfdwru ixqfwlrq iru
wkh vhw f/ k lv d qhjdwlyh frqvwdqw uhsuhvhqwlqj wkh h{shfwhg k iru dq xqvnloohg pdqdjhu/
dqg r2 lv dq duelwudu| frqvwdqw vshflhg e| wkh uhvhdufkhu ehiruh sulruv duh holflwhg1 Ilqdoo|/
zh dvvxph wkdw wkh sdudphwhuv ri wkh +xqvshflhg, idfwru sulru duh lqghshqghqw ri k/ q/ dqg
j1
Wkh udwlr j2*r2 hhfwlyho| olqnv wkh srvwhulru glvwulexwlrqv ri j dqg k1 Dv glvfxvvhg
deryh/ wklv olqn doorzv xv wr dgmxvw iru wkh idfw wkdw d vnloohg pdqdjhu fdq frqwuro klv
h{shfwhg k wkurxjk wkh vwudwhjlf xvh ri ohyhudjh1; Wkh lpsruwdqfh ri wklv uhodwlrqvkls
ehfrphv fohduhu lq wkh qh{w vhfwlrq zkhq zh glvfxvv wkh holflwdwlrq ri sulruv1
; Wkh vdph dujxphqw fdq eh xvhg wr prwlydwh d olqn ehwzhhq  dqg 1 Vlqfh zh xvh d glxvh sulru iru /
vxfk d olqn lv qrw dssolfdeoh1 Wr eh frpsohwho| frqvlvwhqw/ zh vkrxog dovr olqn rxu sulru eholhiv iru d +dqg/ e|
h{whqvlrq/ , wr wkh udwlr 5@v51 Xqiruwxqdwho|/ wklv olqn lv qrw wudfwdeoh1 Dv orqj dv d lv vpdoo/ krzhyhu/
wkh rplvvlrq zloo qrw eh txdqwlwdwlyho| lpsruwdqw1
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Wkh sulru olqn ehwzhhq k dqg j lv uvw vxjjhvwhg e| PdfNlqod| +4<<8, dqg lv lpsoh0
phqwhg lq Sävwru +4<<<,/ Sävwru dqg Vwdpedxjk +4<<<d,/ Sävwru dqg Vwdpedxjk +4<<<e,/
dqg PdfNlqod| dqg Sävwru +4<<<,1 Pdwkhpdwlfdoo|/ rxu olqn lv lghqwlfdo wr wkhluv/ dowkrxjk
wkhlu prwlydwlrq lv vrphzkdw glhuhqw1 Lq wkhvh sdshuv/ jk lv dq lqgh{ ri srwhqwldo plvsulf0
lqj/ dqg wkh prwlydwlrq iru wkh olqn lv wr uhgxfh wkh h{0dqwh suredelolw| ri yhu| kljk Vkdush
udwlrv dprqj sruwirolrv wkdw frpelqh ehqfkpdun dqg qrq0ehqfkpdun dvvhwv1
F1 Holflwdwlrq ri sulru eholhiv
Lw lv srvvleoh wr holflw sulru eholhiv xvlqj vwudljkwiruzdug txhvwlrqv derxw shuirupdqfh/
ihhv/ dqg wudqvdfwlrq frvwv1 Iru h{dpsoh/ frqvlghu dq| vshflf idfwru uhsuhvhqwdwlrq iru
+4,1 Wkhq/ jlyhq wklv idfwru uhsuhvhqwdwlrq/ dvvxph wkdw wkh pdqdjhu xqghu vwxg| kdv d
uhvlgxdo yduldqfh/ j2/ htxdo wr d vshflf ydoxh1 Zh fdoo wklv ohyho r2/ dqg lw vhuyhv dv wkh
frqvwdqw ghqrplqdwru whup lq +43,1 Wkhq/ frqglwlrqdo rq j2 ’ r2 dqg wkh fkrvhq idfwru
uhsuhvhqwdwlrq/ wkh uhvhdufkhu vkrxog dqvzhu wkh iroorzlqj irxu txhvwlrqv=
 Txhvwlrq 4= Zkdw lv wkh suredelolw| wkdw wkh pdqdjhu lv vnloohgB +l1h1/ wkdw kh kdv dq
k juhdwhu wkdq zrxog eh hduqhg e| udqgrpo| vhohfwlqj vwrfnv zkloh lqfxuulqj wkh vdph
ihhv dqg frvwv1, ^Fdoo wklv dqvzhu ^1‘
 Txhvwlrq 5= Zkdw lv wkh suredelolw| wkdw wkh pdqdjhu kdv dq k juhdwhu wkdq 58 es shu
prqwkB ^Fdoo wklv dqvzhu ^ E2D1‘
 Txhvwlrq 6= Zkdw duh wkh h{shfwhg ihhv iru wkh pdqdjhuB ^Fdoo wklv dqvzhu see1‘
 Txhvwlrq 7= Zkdw duh wkh h{shfwhg frvwv iru wkh pdqdjhuB ^Fdoo wklv dqvzhu SJr|1‘
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Lq dqvzhulqj wkhvh txhvwlrqv/ wkh uhvhdufkhu vkrxog qrw frqvlghu dq| uhwxuq0edvhg lqiru0
pdwlrq derxw wkh pdqdjhu wkdw frlqflghv zlwk wkh vdpsoh shulrg xqghu vwxg|> wklv irufhv
wkh h{foxvlrq ri doo lqirupdwlrq derxw wkh ohqjwk ri wlph wkh pdqdjhu kdv vxuylyhg ru wkh
ohyho ri dvvhwv wkdw kh kdv xqghu pdqdjhphqw/ erwk ri zklfk zloo whqg wr eh fruuhodwhg zlwk
sdvw uhwxuqv1 Lqvwhdg/ wkh dqvzhuv vkrxog uh hfw d wkrxjkw h{shulphqw derxw d qhz pdqdjhu
ehiruh dq| uhwxuq lqirupdwlrq kdv ehhq revhuyhg1
Qrwh wkdw Txhvwlrq 5 lv qrw dvnlqj derxw wkh suredelolw| ri glhuhqw uhdol}dwlrqv ri 	k/
exw derxw wuxh ydoxhv ri k1 Uhdol}dwlrqv ri 	k zloo ghshqg rq vdpsolqj yduldelolw|1 Wkh
wuxh k/ rq wkh rwkhu kdqg/ lv wkh 	k zh zrxog h{shfw dv wkh qxpehu ri wlph shulrgv jrhv wr
lqqlw|1 Wkxv/ li d uhvhdufkhu eholhyhv wkdw qr pdqdjhuv duh vnloohg/ wkhq ^ ’ f/ dqg wkxv
^ E2D vkrxog eh 3 dv zhoo1 Wkh xvh ri 58 es lq wklv txhvwlrq lv duelwudu|/ dqg dq| rwkhu srlqw
lq wkh glvwulexwlrq frxog eh vxevwlwxwhg1
Txhvwlrq 5 lv frqglwlrqhg rq d vshflf ohyho ri uhvlgxdo yduldqfh/ r21 Wklv frqglwlrqlqj
lv fuxfldo/ dqg zh eholhyh wkdw sulru eholhiv rq k duh qrw zhoo0ghqhg zlwkrxw lw1 Wkh vdph
uhdvrqlqj glvfxvvhg lq Vhfwlrq LL1E dovr dssolhv khuh= li d pdqdjhu kdv dq h{shfwhg k ri k
zkhq klv uhvlgxdo vwdqgdug ghyldwlrq lv r/ wkhq klv h{shfwhg k zrxog eh k*2 li kh ohyhuhg
grzq klv sruwirolr dqg wrrn rq rqo| r*2 xqlwv ri uhvlgxdo ulvn1 E| lqfoxglqj wkh j2*r2
whup lq wkh sulru eholhiv iru k/ zh olqn rxu eholhiv iru k dqg j lq d zd| frqvlvwhqw zlwk rxu
holflwdwlrq surfhgxuhv1 Lq wklv uhvshfw/ wkh sulru eholhiv holflwhg wkurxjk wkhvh txhvwlrqv duh
qrw uhdoo| derxw k/ exw duh lqvwhdg derxw Vkdush udwlrv iru frpelqdwlrqv ri wkh pdqdjhu
45
dqg wkh ehqfkpdunv1< Wklv uhwxuqv xv wr wkh ruljlqdo prwlydwlrq iru wkh olqn dv jlyhq e|
PdfNlqod| +4<<8,1
Jlyhq wkh dqvzhuv wr wkhvh txhvwlrqv/ zh fdq vroyh iru wkh uhpdlqlqj sdudphwhuv ri wkh
sulru eholhi glvwulexwlrq1 Ohw xE% ghqrwh wkh fgi ri d vwdqgdug qrupdo glvwulexwlrq hydoxdwhg
dw % Wkhq/ zh kdyh wkuhh htxdwlrqv/
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zklfk zh fdq vroyh iru wkh wkuhh xqnqrzqv/ @c k dqg jk1 +44, uhodwhv ^E2D wr jk +jlyhq wkh
rwkhu sdudphwhuv,/ +45, lpsrvhv wkh frqvwudlqw43 wkdw wkh h{shfwdwlrq ri k/ frqglwlrqdo rq
j2 ’ r2/ lv htxdo wr see SJr|/ dqg +46, lv mxvw wkh ghqlwlrq ri k1 Wdeoh L looxvwudwhv vrph
vroxwlrqv wr wklv v|vwhp= jlyhq lqsxwv ri ^c ^ E2D/ see/ dqg SJr|/ zh surylgh wkh vroxwlrqv iru
jk/ @/ dqg k1 Lq prvw ri wkh h{dpsohv lq wkh wdeoh/ @ whqgv wr eh yhu| vpdoo/ vr k lv forvh wr
seeSJr|1 Dowhuqdwlyho|/ rqh fdq holflw ^ E2D ehiruh ihhv1 Wr frpsxwh wkh sulru sdudphwhuv
xqghu wklv dowhuqdwlyh phwkrg/ zh mxvw uhsodfh k zlwk @SJr| rq wkh uljkw0kdqg0vlgh ri +44,1
Wklv lv wkh holflwdwlrq phwkrg xvhg lq Vhfwlrq LLL1
< Zh duh judwhixo wr Ure Vwdpedxjk iru vxjjhvwlqj wklv lqwhusuhwdwlrq1
43 Lq vrph dssolfdwlrqv/ rqh pd| zlvk wr uhod{ wkh frqvwudlqw lq +45, dqg doorz fhuwdlq w|shv ri pdqdjhuv
wr kdyh d srvlwlyh h{shfwdwlrq ri 1 Wklv fdvh lv vroyhg lq d suhylrxv yhuvlrq ri wkh sdshu +Ednv/ Phwulfn/
dqg Zdfkwhu +4<<<,,1
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G1 Srvwhulru eholhiv
Rxu jrdo lq wklv vhfwlrq lv wr fdofxodwh wkh phdq ri wkh srvwhulru glvwulexwlrq iru k Prvw
ri wkh lqwxlwlrq iru wklv vroxwlrq lv frqwdlqhg lq Iljxuh 5 dqg lwv fruuhvsrqglqj qrwdwlrq dv
ghyhorshg lq +47, 0 +55,1 Wkh ghwdlov duh jlyhq ehjlqqlqj zlwk +56, dqg lq Dsshqgl{ D1
Zh ghqrwh wkh phdq ri wkh srvwhulru glvwulexwlrq iru k/ . dk m oc 8 o/ dv k1 Vlploduo|/ zh
ghqrwh wkh srvwhulru suredelolw| wkdw d pdqdjhu lv vnloohg/  E~ ’  m oc 8 / dv ^1 Wkhq/ lw
iroorzv wkdw zh fdq zulwh k dv
k ’ ^. dk m ~ ’ c oc 8 o n E ^k +47,
Wkh uvw whup rq wkh uljkw0kdqg0vlgh ri +47, uh hfwv wkh frqwulexwlrq wr wkh srvwhulru
phdq frplqj iurp wkh srvvlelolw| wkdw wkh pdqdjhu kdv vnloo> wkh srvwhulru suredelolw| ri vnloo
E^ lv pxowlsolhg e| wkh srvwhulru h{shfwdwlrq ri k frqglwlrqdo rq vnloo1 Wkh vhfrqg whup rq
wkh uljkw0kdqg0vlgh ri +47, uh hfwv wkh frqwulexwlrq frplqj iurp wkh srvvlelolw| wkdw pdqdjhu
lv xqvnloohg> wkh srvwhulru suredelolw| E ^ lv pxowlsolhg e| k1 Qrwh wkdw rxu surfhgxuh lv
qrw xsgdwlqj ^ iru wkh srsxodwlrq> ^ lv wuhdwhg dv nqrzq1 Udwkhu/ rxu lqihuhqfh sureohp
rqo| frqfhuqv wkh vshflf pdqdjhu xqghu vwxg|1
Wr fdofxodwh k/ zh qhhg wr vroyh iru wkh wzr xqnqrzq hohphqwv rq wkh uljkw0kdqg0vlgh
ri +47,= . dk m ~ ’ c oc 8 o dqg ^1 Wkh sureohp ri frpsxwlqj k lv wkxv frqvlghuhg lq wzr
sduwv1 Iluvw/ zh fdofxodwh . dk m ~ ’ c oc 8 o/ wkh h{shfwdwlrq frqglwlrqdo rq vnloo1 Vhfrqg/
zh fdofxodwh ^/ wkh srvwhulru suredelolw| wkdw wkh pdqdjhu lv vnloohg1
Lq h{srvlwlqj rxu vroxwlrq/ lw lv khosixo wr lqwurgxfh vrph qrwdwlrq=
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Wkhq/ wkh srvwhulru ri k frqglwlrqdo rq wkh yduldqfh j dqg ~ ’ / zklfk zh fdoo wkh vnloohg
srvwhulru glvwulexwlrq/ lv jlyhq e| d wuxqfdwhg qrupdo glvwulexwlrq=44
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Htxdwlrqv +4<, 0 +55, duh looxvwudwhg judsklfdoo| lq Iljxuh 51 k lv wkh prgh ri wkh vnloohg
srvwhulru glvwulexwlrq jlyhq lq +4<,> lw zrxog dovr eh wkh phdq/ dqg j2 wkh yduldqfh/ ri
wkh xqwuxqfdwhg yhuvlrq ri wklv glvwulexwlrq1 k lv zulwwhq lq +53, dv d zhljkwhg dyhudjh ri
wkh pd{lpxp olnholkrrg hvwlpdwh E	k dqg wkh sulru prgh Ek/ zlwk zhljkwv jlyhq e| b dqg
44 Vhh Dsshqgl{ D iru wkh ghwdlov ri wkhvh fdofxodwlrqv1
48
  b/ uhvshfwlyho|1 Lq +54,/ yduE	k uhsuhvhqwv wkh yduldqfh +lq d iuhtxhqwlvw vhqvh, ri wkh
pd{lpxp olnholkrrg hvwlpdwh iru k/ frqglwlrqdo rq d nqrzq uhvlgxdo yduldqfh ri j21 Wkh
srvwhulru suhflvlrq/ *j2/ lv wkh vxp ri wkh suhflvlrq ri wkh sulru dqg wkh suhflvlrq ri wkh
gdwd1 Lqwxlwlyho|/ wklv vd|v wkdw diwhu kdylqj revhuyhg wkh gdwd/ wkhuh lv juhdwhu fhuwdlqw|
derxw wkh orfdwlrq ri wkh srvwhulru glvwulexwlrq ri k wkdq wkhuh zdv iru wkh sulru1 Wkxv/
wkh zhljkw b lv ghwhuplqhg lq +55, e| wkh uhodwlyh suhflvlrq ri sulru eholhiv yhuvxv vdpsoh
lqirupdwlrq1 Wkh juhdwhu wkh suhflvlrq ri 	k/ wkh pruh wkh prgh lv vkliwhg wrzdugv 	k dqg
dzd| iurp wkh sulru prgh k1
Wkh pdujlqdo srvwhulru iru k +frqglwlrqdo rq vnloo, fdq eh rewdlqhg lq forvhg irup e|
vxffhvvlyho| lqwhjudwlqj rxw q dqg j iurp wkh mrlqw srvwhulru1 Rqfh q lv lqwhjudwhg rxw/
wkh prgho uhvhpeohv rqh zkhuh qrupdo gdwd lv frpelqhg zlwk d frqmxjdwh sulru1 Wkhuhiruh/
idploldu whfkqltxhv +vhh/ h1j1 Jhopdq hw do1 +4<<8,, fdq eh xvhg wr lqwhjudwh rxw j/ vxlwdeo|
dgmxvwhg wr uh hfw wkh wuxqfdwlrq dw k1 Wkh pdujlqdo glvwulexwlrq lv wkhq jlyhq e|=
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Wkh sdudphwhu b kdv wkh vdph lqwhusuhwdwlrq khuh dv lq +55,> wkh juhdwhu wkh suhflvlrq ri
wkh gdwd uhodwlyh wr wkh sulru suhflvlrq/ wkh pruh wkh srvwhulru prgh lv vkliwhg wrzdugv wkh
pd{lpxp0olnholkrrg hvwlpdwh1
Wkh srvwhulru h{shfwdwlrq ri k lq wkh vnloohg vwdwh fdq wkhq eh fdofxodwhg dv
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 n
b6
D  2
|D32
#
k(kc
b6
D  2
$
U
"
k |D

k(kc b6
D32

_k
 +5;,
Wkh uvw whup rq wkh uljkw0kdqg0vlgh ri +5;, lv mxvw wkh prgh ri wkh vnloohg srvwhulru glvwul0
exwlrq +wkh phdq ri wkh xqwuxqfdwhg |0glvwulexwlrq,/ zkloh wkh vhfrqg whup lv dq dgmxvwphqw
iru wkh wuxqfdwlrq dw k1 Zh xvh wkh qrwdwlrqdo frqyhqwlrq wkdw |D Ek(%c + lv d |0glvwulexwlrq
hydoxdwhg dw k zlwk phdq %/ yduldqfh + dqg D ghjuhhv ri iuhhgrp1
Zh qh{w vroyh iru wkh vhfrqg xqnqrzq hohphqw lq +47,/ ^/ wkh srvwhulru suredelolw| wkdw
wkh pdqdjhu lv vnloohg1 Iurp Ed|hv* irupxod iru elqrpldo yduldeohv/ lw iroorzv wkdw
^  E~ ’  m oc 8  ’
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 ^
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zkhuh  lv jlyhq e|
 
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R Eo m ~ ’ fc 8 
 +64,
Li revhuylqj wkh uhdol}hg gdwd lv htxdoo| olnho| zkhwkhu wkh pdqdjhu lv vnloohg ru xqvnloohg/
wkhq  ’ c dqg rxu srvwhulru suredelolw| ri ~ ’  htxdov wkh sulru suredelolw|= ^ ’ ^ Wkh
4:
pruh olnho| wkh gdwd duh iru d vnloohg pdqdjhu uhodwlyh wr dq xqvnloohg pdqdjhu/ wkh kljkhu
lv  dqg wkxv/ wkh kljkhu lv ^145
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Wklv lv wkh udwlr ri wzr |0glvwulexwlrqv/ pxowlsolhg e| d whup wr fruuhfw iru wkh wuxqfdwlrq dw
k1
Ilqdoo|/ zlwk ydoxhv iru . Ek m ~ ’ c oc 8  +htxdwlrq +5;,, dqg ^ +htxdwlrqv +63, dqg
+65,,/ zh fdq vxevwlwxwh lqwr +47, dqg rewdlq d vroxwlrq iru k1
H1 Sruwirolr fkrlfh ryhu pxowlsoh pdqdjhuv
Wkh suhylrxv dqdo|vlv dssolhv wr dq lqyhvwru zlwk d fkrlfh ri rqh pdqdjhu dqg g lqgh{
ixqgv1 Lq sudfwlfh/ lqyhvwruv fdq fkrrvh dprqj pdq| pdqdjhuv1 Wklv vhfwlrq jlyhv wkh
dvvxpswlrqv wkdw doorz rxu iudphzrun wr h{whqg wr wkh fdvh ri pxowlsoh pdqdjhuv1 Wklv lv
qhfhvvdu| iru wkh dssolfdwlrq lq Vhfwlrq LLL1
Frqvlghu d phdq0yduldqfh lqyhvwru fkrrvlqj dprqj wkh g lqgh{ ixqgv/  pdqdjhu sruw0
irolrv/ dqg d ulvnohvv dvvhw1 Ohw o ghqrwh wkh A   yhfwru ri uhwxuqv rq pdqdjhu / dqg ohw o
ghqrwh wkh A  pdwul{ ri uhwxuqv rq doo wkh pdqdjhuv1 Dv lq Vhfwlrq LL1D/ wkh olnholkrrg
iru uhwxuqv lv jlyhq e|=
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45 Qrwh wkdw e| glylglqj wkh qxphudwru dqg ghqrplqdwru ri +63, e| t> wkh wkh srvwhulru rggv udwlr
4t
t
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iru whvwlqj wkh k|srwkhvlv K3 = t @ 3 yhuvxv K4 = t A 3 dsshduv1 Wkxv/ E lv d Ed|hv idfwru
dvvrfldwhg zlwk whvwlqj K3 yhuvxv K4=
4;
Wr vkruwhq qrwdwlrq/ ohw  ’ Ekc qc j
2
/ dqg x ’ Ec    c 1 Iru hdfk pdqdjhu/ wkh
sulru rq wkh sdudphwhuv/ RE/ lv jlyhq lq Vhfwlrq LL1E1
Wkh nh| dvvxpswlrq wkdw doorzv xv wr h{whqg rxu uhvxow lv wkdw qr pdqdjhu frqyh|v lqiru0
pdwlrq rq dq| rwkhu pdqdjhu1 Vshflfdoo|/ zh uhtxluh wkdw wkh sdudphwhuv iru wkh pdqdjhuv
duh lqghshqghqw lq wkh sulru/ dqg wkdw wkh olnholkrrgv iru hdfk pdqdjhu duh lqghshqghqw=
Dvvxpswlrq 4 = Wkh olnholkrrgv duh lqghshqghqw dfurvv pdqdjhuv=
REo m xc 8  ’
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Dvvxpswlrq 5 = Wkh sulruv duh lqghshqghqw dfurvv pdqdjhuv=
REx ’
\

RE +69,
Iru vrph dssolfdwlrqv/ wkh dvvxpswlrqv deryh pljkw eh sureohpdwlf1 Khuh/ zh ihho wkdw
wkh| duh lqqrfxrxv1 Lqghshqghqfh dfurvv pdqdjhuv zrxog eh gdqjhurxv dvvxpswlrq li zh
lqwhqghg wr pdnh vwurqj vwdwhphqwv derxw wkh wrwdo iudfwlrq ri d sruwirolr lqyhvwhg lq dfwlyh
pdqdjhuv1 Li zh uhvwulfw rxuvhoyhv wr vwdwhphqwv derxw zkhwkhu dq| ri d sruwirolr lv lq dfwlyh
pdqdjhuv/ wkhq lqihuhqfh derxw fryduldqfhv lv pxfk ohvv lpsruwdqw1 Wkhuh lv qr uhdvrq wr
eholhyh wkdw ljqrulqj wkh lqirupdwlrq iurp rwkhu pdqdjhuv zrxog eldv wkh uhvxowv lq hlwkhu
gluhfwlrq1
Dvvxpswlrqv 4 dqg 5 lpso| wkdw wkh srvwhulru glvwulexwlrqv dfurvv pdqdjhuv duh lqgh0
shqghqw=
REx m oc 8  2 REo m xc 8 REx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Wkhuhiruh/ wkh fdofxodwlrq iru wkh srvwhulru ri k zkhq wkhuh duh pxowlsoh pdqdjhuv lv lghqwlfdo
wr wkdw lq LL1G iru d vlqjoh pdqdjhu1
Pruh wr wkh srlqw/ wkh }hur0lqyhvwphqw frqglwlrq iru pxowlsoh pdqdjhuv lv dqdorjrxv wr
wkh }hur0lqyhvwphqw frqglwlrq iru hdfk pdqdjhu1 Dq rxwolqh ri wkh surri lv jlyhq khuh> ghwdlov
fdq eh irxqg lq Dsshqgl{ F1 Iluvw/ lw vlpsolhv wkh dqdo|vlv wr frqvlghu sruwirolrv zklfk rhu
d sxuh sod| rq wkh pdqdjhu*v doskd1 Wkdw lv/ frqvlghu wkh sruwirolr wkdw frqvlvwv ri jrlqj
orqj rqh pdqdjhu dqg vkruw wkh lqgh{ ixqgv zlwk zhljkwv htxdo wr wkh srvwhulru ehwdv q1
Fdoo wklv sruwirolr dq doskd sruwirolr1 Lw lv fohdu wkdw wkh sruwirolr zhljkw rq dq doskd
sruwirolr pxvw htxdo wkh zhljkw rq wkh fruuhvsrqglqj pdqdjhu1 Lw lv vkrzq lq Dsshqgl{ F
wkdw wkh doskd sruwirolrv kdyh h{shfwhg uhwxuq k1
Ohw T ghqrwh wkh srvwhulru yduldqfh0fryduldqfh pdwul{ ri wkh  doskd sruwirolrv dqg wkh
g lqgh{ ixqgv/ dqg ohw . ghqrwh wkh yhfwru ri phdqv1 Wkhq wkh rswlpdo zhljkwv duh jlyhq
e|= 3
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c +6;,
zkhuh W lv wkh yhfwru ri zhljkwv rq wkh doskd sruwirolrv dqg %W lv wkh yhfwru ri zhljkwv rq
wkh lqgh{ ixqgv1 Lq Dsshqgl{ F/ lw lv vkrzq wkdw T lv ri wkh irup=
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dqg wkdw T lv gldjrqdo1 Wkhuhiruh/ wkh yhfwru ri zhljkwv rq wkh pdqdjhuv lv jlyhq e|=
W ’ Sekc +73,
zkhuh Se : f1 Wkdw lv/ wkh lqyhvwru sxwv srvlwlyh zhljkw rq d pdqdjhu/ li dqg rqo| li wkh
srvwhulru h{shfwdwlrq ri k lv juhdwhu wkdq }hur1
I1 Vxuylyru eldv
D srvvleoh remhfwlrq wr rxu iudphzrun lv wkdw lw idlov wr uhfrjql}h wkh srvvlelolw| ri
vxuylyru eldv1 Wkh lqyhvwru vhhv rqo| wkh ixqg pdqdjhuv wkdw vxuylyh/ l1h1 gr qrw ohdyh
wkh vdpsoh1 Wkh txhvwlrq lv/ grhv wklv fkdqjh wkh lqihuhqfh sureohp iru wkh pdqdjhuv wkdw
vxuylyhB
Vxuylyru eldv fdq lpsdfw wkh dqdo|vlv lq wzr zd|v1 Iluvw/ wkh idfw wkdw srruo| shuiruplqj
pdqdjhuv duh qrw revhuyhg frxog/ lq sulqflsoh/ dhfw wkh srvwhulru glvwulexwlrq ri d pdqdjhu
wkdw lv revhuyhg1 Xqghu wkh lqghshqghqfh dvvxpswlrqv ri Vhfwlrq LL1H/ wklv uvw nlqg ri
vxuylyru eldv lv qrw d sureohp1 Vhfrqg/ nqrzlqj wkdw wkh pdqdjhu lq txhvwlrq kdv vxuylyhg
pljkw lpsdfw wkh srvwhulru iru wkdw pdqdjhu1 Wklv vhfrqg w|sh ri vxuylyru eldv lv dovr qrw
d sureohp/ dv wklv vhfwlrq ghprqvwudwhv1
Zh uhsuhvhqw vxuylydo iru pdqdjhu  e| d elqdu| udqgrp yduldeoh th@* 1 Wkh txhvwlrq
lv zkhwkhu
RE m oc 8  ’ RE m oc 8c th@*  q +74,
Wkdw lv/ grhv lqihuhqfh rq  fkdqjh li frqglwlrqhg rq th@* B Wkh dqvzhu wr wkh txhvwlrq
lv qr/ xqghu wkh iroorzlqj uhdvrqdeoh dvvxpswlrq rq frqglwlrqv iru vxuylydo=
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Dvvxpswlrq 6 = REth@*  m oc 8c  ’ REth@*  m oc 8 
Dvvxpswlrq 6 vwdwhv wkdw vxuylydo ghshqgv rqo| rq uhdol}hg uhwxuqv1 Frqglwlrqdo rq uhdo0
l}hg uhwxuqv/ wkh pdqdjhu*v vnloo +dqg wkh sdudphwhuv q dqg j,/ gr qrw dhfw wkh suredelolw|
ri vxuylydo1 Uhdol}hg uhwxuqv duh/ ri frxuvh/ revhuydeoh/ zkloh  lv xqnqrzq1 Lw lv txlwh
sodxvleoh wkdw vxuylydo ghshqgv rq wkh pdqdjhu*v revhuyhg vxffhvv/ qrw rq xqrevhuyhg vnloo1
Lq zkdw iroorzv/ zh vxssuhvv wkh  vxevfulsw1 Wkh glvfxvvlrq hdvlo| h{whqgv wr wkh fdvh ri
pxowlsoh pdqdjhuv/ xvlqj wkh srvwhulru lqghshqghqfh vkrzq lq LL1H1
Xvlqj Dvvxpswlrq 6/ lw iroorzv wkdw vxuylyru eldv lv qrw d sureohp iru rxu dqdo|vlv1 Lq
sduwlfxodu/ e| Ed|hv* uxoh=
RE m oc 8c th@* ’
REth@* m oc 8c RE m oc 8 
REth@* m oc 8 
+75,
’ RE m oc 8  +76,
Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw wkh uhwxuqv duh douhdg| revhuyhg/ vr wkhuh lv qr
dgglwlrqdo lqirupdwlrq lq uhwxuq0edvhg vxuylydo1 Qrwh wkdw lq jhqhudo=
REo m 8c c th@* 9’ REo m 8c  +77,
Wkdw lv/ wkh olnholkrrg frqglwlrqdo rq vxuylydo lv qrw wkh vdph dv wkh olnholkrrg zlwkrxw
frqglwlrqlqj rq vxuylydo1 Wkh sulru rq  frqglwlrqdo rq vxuylydo zloo dovr glhu iurp wkh
xqfrqglwlrqdo sulru1 Htxdwlrqv +75, dqg +76, ghprqvwudwh wkdw wkh hhfw rq wkh sulru dqg
wkh olnholkrrg pxvw h{dfwo| fdqfho/ dqg wkxv wkh srvwhulru uhpdlqv wkh vdph1
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Lw lv khosixo wr frqwudvw rxu vhwwlqj wr wkrvh zkhuh vxuylyru eldv zrxog eh d sureohp146
Li/ iru h{dpsoh/ zh zhuh shuiruplqj lqihuhqfh rq wkh sulru sdudphwhu ^/ wkhq nqrzlqj wkdw
srruo| shuiruplqj ixqgv glvdsshdu zrxog fkdqjh rxu srvwhulru1 Iru wklv uhdvrq/ zh gr
qrw dwwhpsw wr shuirup lqihuhqfh rq ^/ dqg lqvwhdg wuhdw lw dv {hg lq hdfk lpsohphqwdwlrq1
Wkhq/ zh fdq pds glhuhqw nqrzq ohyhov ri ^ lqwr glhuhqw srvwhulru eholhiv1 Dowhuqdwlyho|/
li zh zhuh plvvlqj gdwd rq d sduwlfxodu ixqg pdqdjhu lq |hduv zkhuh wkdw ixqg pdqdjhu glg
sduwlfxoduo| srruo|/ wklv zrxog dovr eldv rxu frqfoxvlrqv1 Exw wklv lv qrw wkh fdvh lq rxu
vdpsoh1
LLL1 Vkrxog dq lqyhvwru dyrlg doo dfwlyho|0pdqdjhg pxwxdo ixqgvB
Lq wklv vhfwlrq/ zh dsso| rxu phwkrgrorj| dqg dvn/ jlyhq wkh hylghqfh/ zkdw sulru eholhiv
zrxog lqgxfh srvlwlyh lqyhvwphqw lq dw ohdvw rqh dfwlyh pxwxdo0ixqg pdqdjhuB Vhfwlrq LLL1D
glvfxvvhv wkh gdwd dqg shuirupdqfh0hydoxdwlrq uhjuhvvlrq1 Vhfwlrq LLL1E vxppdul}hv wkh
iuhtxhqwlvw hylghqfh iru wklv vdpsoh1 Vhfwlrq LLL1F frqwdlqv wkh pdlq dqdo|vlv dqg dqvzhuv
wkh txhvwlrq srvhg lq wkh wlwoh ri wkh sdshu1 Vhfwlrq LLL1G glvfxvvhv vhyhudo fulwlflvpv dqg
olplwdwlrqv ri wkh dqdo|vlv1 Vhfwlrq LLL1H frqwudvwv wkh iuhtxhqwlvw dqg Ed|hvldq uhvxowv1
D1 Vhwxs
Rxu gdwd lv gudzq iurp wkh Fhqwhu iru Uhvhdufk lq Vhfxulw| Sulfhv +FUVS, pxwxdo0ixqg
gdwdedvh +FUVS/ 4<<<,1 Wklv gdwdedvh lqfoxghv lqirupdwlrq froohfwhg iurp vhyhudo vrxufhv
dqg lv ghvljqhg wr eh d frpsuhkhqvlyh vdpsoh ri doo pxwxdo ixqgv iurp 4<96 wr 4<<91 Zh
46 Iru vwxglhv ri wkh lpsolfdwlrqv iru vxuylyru eldv rq lqihuhqfh/ vhh Eurzq hw do1 +4<<5,/ Eurzq/ Jrhw}0
pdqq/ dqg Urvv +4<<8,/ Jrhw}pdqq dqg Mrulrq +4<<:,
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uhvwulfw rxuvhoyhv wr wkh vxevhw ri ixqgv vwloo rshudwlqj dw wkh hqg ri 4<<9/ dqg rqo| lqfoxgh
uhwxuqv wkdw kdyh ehhq hduqhg e| fxuuhqw +dv ri Ghfhpehu 4<<9, pdqdjhuv1 Zh lqfoxgh rqo|
wkh uhwxuqv hduqhg e| fxuuhqw pdqdjhuv ehfdxvh zh lqwhusuhw k dv d {hg sdudphwhu wkdw lv
d fkdudfwhulvwlf ri pdqdjhuv/ qrw ri ixqgv1 Lq wkh uhpdlqghu ri wkh vhfwlrq/ zh xvh wkh whupv
ixqg dqg pdqdjhu lqwhufkdqjhdeo|1 Zh lqfoxgh whdp0pdqdjhg ixqgv rqo| li d qdph lv
surylghg iru dw ohdvw rqh phpehu ri wkh whdp> uhwxuqv iru vxfk ixqgv duh lqfoxghg iru wkh
whqxuh ri wkh whdp*v orqjhvw0vwdqglqj phpehu1 Ixuwkhupruh/ zh uhvwulfw rxuvhoyhv wr ixqgv
zlwk dw ohdvw rqh frpsohwh |hdu ri uhwxuq klvwru|1 Wkh uhvxowlqj vdpsoh lqfoxghv 476: ixqgv
zlwk dq dyhudjh ri 84 prqwkv ri uhwxuqv1 Wklv vdpsoh vxhuv iurp vxuylyru eldv dqg zloo
qrw eh uhsuhvhqwdwlyh ri pxwxdo0ixqg shuirupdqfh dv d zkroh1 Dv glvfxvvhg lq Vhfwlrq LL1I/
wkh dvvxpswlrq wkdw vxuylydo lv edvhg rqo| rq revhuyhg uhwxuqv doorzv xv wr ljqruh vxuylyru
lvvxhv lq rxu Ed|hvldq dqdo|vlv1
Wkh qh{w vwhs lv wr fkrrvh d vhw ri ehqfkpdunv iru wkh hydoxdwlrq1 Iru frqflvhqhvv/ zh
uhvwulfw rxu suhvhqwdwlrq wr d vlqjoh zhoo0nqrzq prgho  wkh wkuhh0idfwru prgho ri Idpd dqg
Iuhqfk +4<<6,147 Wkh prgho lv jlyhq e|
o| ’ k n q--8| n q27| n qMu| n 0|c +78,
zkhuh o| lv wkh h{fhvv uhwxuq wr ixqg  lq |hdu |/ k lv wkh shuirupdqfh phdvxuh/ dqg --8|/
7|/ dqg Mu| duh wkh wlph | uhwxuqv wr ehqfkpdun sruwirolrv frqvwuxfwhg xvlqj pdunhw/
47 Wkh txdolwdwlyh uhvxowv gr qrw fkdqjh li zh xvh wkh FDSP ru wkh irxu0idfwru prgho ri Fdukduw +4<<:,1
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vl}h/ dqg ydoxh vwudwhjlhv148 Zkloh wkhuh lv dq rqjrlqj ghedwh derxw zkhwkhu wkhvh idfwruv
duh sur{lhv iru ulvn/ zh wdnh qr srvlwlrq rq wklv lvvxh dqg vlpso| ylhz wkh wkuhh0idfwru
prgho dv d phwkrg ri shuirupdqfh dwwulexwlrq1 Wkxv/ zh lqwhusuhw wkh hvwlpdwhg doskdv dv
deqrupdo uhwxuqv lq h{fhvv ri zkdw frxog kdyh ehhq dfklhyhg e| d pdwfkhg lqyhvwphqw lq
wkh ehqfkpdun sruwirolrv1 Wklv prgho vxlwv rxu sxusrvhv/ dv zh zlvk wr ghwhuplqh zkhwkhu d
pdqdjhu fdq rxwshuirup dq dydlodeoh vhw ri sdvvlyh lqgh{ ixqgv/ dqg wkh pdlq vw|oh fdwhjrulhv
iru erwk lqgh{dwlrq dqg dfwlyh pdqdjhphqw duh dorqj vl}h dqg ydoxh2jurzwk glphqvlrqv1
Zkloh wkh ehqfkpdun uhwxuqv lq +78, duh qrw wkhpvhoyhv dydlodeoh dv sdvvlyh lqgh{ ixqgv/
wkh| duh yhu| vlplodu wr +frpelqdwlrqv ri, lqgh{ surgxfwv dydlodeoh lq wkh odwh 4<<3v149
Wkh idfw wkdw zh ljqruh dq| wudqvdfwlrqv frvwv wkdw zrxog eh lqfxuuhg lq frqvwuxfwlqj wkhvh
ehqfkpdun sruwirolrv lv nhhslqj zlwk wkh frqvhuydwlyh eldv ri rxu dqdo|vlv> lqfoxvlrq ri vxfk
wudqvdfwlrq frvwv zrxog pdnh pdqdjhuv orrn ehwwhu1
E1 Iuhtxhqwlvw uhvxowv
Ehiruh surfhhglqj zlwk wkh Ed|hvldq shuirupdqfh hydoxdwlrq/ lw lv xvhixo wr vxppdul}h
wkh iuhtxhqwlvw hylghqfh iru wklv vdpsoh1 Wkh hvwlpdwlrq ri +78, iru doo 476: pdqdjhuv |lhogv
:44 pdqdjhuv zlwk d srvlwlyh 	k/ dqg :59 zlwk d qhjdwlyh 	k1 Qrwh wkdw wkhvh hvwlpdwhv uh hfw
shuirupdqfh diwhu h{shqvhv/ dqg wkxv vkrz doprvw kdoi ri wkh pdqdjhuv vxffhhghg lq hduqlqj
48 Vhh Idpd dqg Iuhqfk +4<<6, iru ghwdlov rq wkh frqvwuxfwlrq ri wkhvh sruwirolrv1 Zh duh judwhixo wr Nhq
Iuhqfk iru surylglqj wkh idfwru uhwxuqv1
49 Orz0frvw lqgh{ ixqgv duh dydlodeoh lq 4<<< iurp wkh Ydqjxdug pxwxdo0ixqg idplo| +dprqj rwkhu sodfhv,
lq odujh0fdslwdol}dwlrq ydoxh/ vpdoo0fdslwdol}dwlrq ydoxh/ odujh0fdslwdol}dwlrq jurzwk/ dqg vpdoo0fdslwdol}dwlrq
jurzwk fdwhjrulhv1 Qrwh wkdw orz0frvw prphqwxp lqgh{ ixqgv duh qrw dydlodeoh/ vlqfh prphqwxp lqyhvwlqj
lv e| qdwxuh d kljk0wxuqryhu dfwlylw|1 Wklv lv wkh pdlq uhdvrq zh gr qrw lqfoxgh d prphqwxp ehqfkpdun
lq rxu dqdo|vlv1
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edfn wkhlu ihhv dqg wudqvdfwlrqv frvwv1 D elj uhdvrq iru wklv kljk vxffhvv udwh lv wkh vxuylyru
eldv lq wkh vdpsoh/ dqg wklv eldv suhyhqwv dq| xvhixo lqihuhqfh derxw vdpsoh dyhudjhv1
Ghvslwh wkh olplwdwlrqv ri vxuylyru eldv/ lw lv lqwhuhvwlqj wr whvw wkh qxoo k|srwkhvlv wkdw wkh
ehvw shuirupdqfh lq wkh vdpsoh lv gxh wr fkdqfh1 Wr gr wklv/ zh uvw whvw wkh qxoo k|srwkhvlv
wkdw k lv }hur iru hdfk pdqdjhu lq wkh vdpsoh1 Rq wklv whvw/ wkh orzhvw R0ydoxh dprqj doo
pdqdjhuv lv dfklhyhg e| Urehuw Vdqeruq ri wkh Rdnpdun Ixqg/ zkr kdv dq 	k ri <41: es shu
prqwk/ zlwk d vwdqgdug ghyldwlrq iru wklv hvwlpdwh ri 561;1 Wklv |lhogv d |0vwdwlvwlf ri 61;
dqg d R0ydoxh ri 31333471 Wkxv/ xqghu wkh qxoo k|srwkhvlv wkdw k lv }hur/ zh zrxog h{shfw
wr vhh vxfk dq h{wuhph shuirupdqfh derxw 417 wlphv lq d vdpsoh ri 43/333 pdqdjhuv1 Hyhq
li zh dvvxph wkdw rxu vdpsoh lv udqgrpo| vhohfwhg dqg frqvlvwv ri lqghshqghqw gudzv/ vxfk
dq h{wuhph uhvxow lv qrw wkdw vxusulvlqj1 Xqghu wkh qxoo k|srwkhvlv wkdw k lv }hur iru doo
476: ixqgv/ wkh suredelolw| wkdw wkh orzhvw R0ydoxh lv ohvv wkdq ru htxdo wr 3133347 fdq eh
fdofxodwhg dv
 E ffffee. ’ fH/ +79,
ru 4; shufhqw1 Li vxuylyru eldv fdxvhv wkh vdpsoh wr kdyh d glvsursruwlrqdwh qxpehu ri
jrrg shuiruphuv/ wkhq zh zrxog qhhg wr dgmxvw xszdugv wkh h{srqhqw lq +79,/ wkxv udlvlqj
wkh suredelolw| ri revhuylqj dq h{wuhph rxwfrph1 Lq dq| fdvh/ zh fdqqrw uhmhfw wkh qxoo
k|srwkhvlv wkdw wkh ehvw shuiruphu lq wklv vdpsoh kdv dq k htxdo wr }hur1 Dw wkh hqg ri wklv
vhfwlrq/ zh h{sodlq wkh uhodwlrqvkls ehwzhhq wklv uhvxow dqg wkh Ed|hvldq lqihuhqfh ghvfulehg
ehorz1
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F1 Ed|hvldq uhvxowv
Lq wkh Ed|hvldq dqdo|vlv/ zh frpelqh wkh uhwxuq hylghqfh zlwk d udqjh ri srvvleoh sulru
eholhiv dqg wkhq pds wkhp lqwr srvwhulru eholhiv1 Wr vlpsoli| wkh dqdo|vlv/ zh holflw sulruv
ehiruh ihhv vr wkdw zh fdq xvh wkh vdph lqwhusuhwdwlrq ri ^/ ^ E2D/ dqg jk iru doo pdqdjhuv1
Lq sulqflsoh/ zh frxog xvh glhuhqw sulru sdudphwhuv iru hdfk pdqdjhu ghshqglqj rq wkhlu
vw|oh/ hgxfdwlrq/ ru rwkhu fkdudfwhulvwlfv14: Wrwdo ihhv duh uhsruwhg lq wkh gdwdedvh dqg
ydu| dfurvv pdqdjhuv dqg dfurvv wlph1 Frqvlvwhqw zlwk rxu holflwdwlrq/ zh dqdo|}h jurvv
uhwxuqv +e| dgglqj edfn ihhv iru hdfk |hdu,/ dqg wkhq vxewudfw wkh fxuuhqw see dw wkh hqg1
Wudqvdfwlrqv frvwv duh qrw uhsruwhg> zh xvh d vlqjoh ydoxh/ 9 es shu prqwk/ dv wkh SJr| iru
hyhu| pdqdjhu14; Lq Vhfwlrq LLL1G/ zh glvfxvv wkh lpsolfdwlrqv ri fkdqjlqj wklv dvvxpswlrq1
Iru wkh ghqrplqdwru ri wkh ohyhudjh whup/ jlyhq dv r2 lq htxdwlrq +43,/ zh xvh wkh
surfhgxuh ri Sävwru dqg Vwdpedxjk +4<<<d, wr rewdlq dq hpslulfdo0Ed|hv hvwlpdwh ri 	j2
iru rxu vdpsoh +@ 313335<,1 Wklv ohyho ri r2 lv d xvhixo qrupdol}dwlrq wkdw pdnhv lw hdvlhu
wr lqwhusuhw wkh uhvxowv/ vlqfh sulru eholhiv fdq wkhq eh vwdwhg uhodwlyh wr dq dyhudjh ohyho
ri uhvlgxdo ulvn lq wkh vdpsoh1 Wkxv/ wkh holflwdwlrq xvhv wkh txhvwlrqv iurp Vhfwlrq LL1F1/
dqg lqfoxghv dq dqvzhu iru ^ E2D> khuh/ wkh surshu lqwhusuhwdwlrq ri ^ E2D lv wkh suredelolw|
ri k juhdwhu wkdq 58 edvlv srlqwv shu prqwk/ diwhu wudqvdfwlrqv frvwv exw ehiruh ihhv/ dqg
frqglwlrqdo rq wkh dyhudjh ohyho ri uhvlgxdo ulvn lq wkh vdpsoh1 Zh zloo xvh wklv ghqlwlrq
ri ^ E2D iru lqwhusuhwlqj rxu uhvxowv1 Qrwh wkdw zh fdqqrw xvh rxu gdwd wr lqihu dq|wklqj
4: Fkhydolhu dqg Hoolvrq +4<<<, surylgh hylghqfh wkdw pdq| vxfk fkdudfwhulvwlfv duh fruuhodwhg zlwk doskdv1
4; Wklv ydoxh urxjko| fruuhvsrqgv wr wkh dyhudjh prqwko| wudqvdfwlrqv frvwv iru pxwxdo ixqgv dqg odujh
lqvwlwxwlrqv irxqg lq rwkhu vwxglhv> vhh Fdukduw +4<<:, iru wxuqryhu udwhv dqg lpsolhg wudglqj frvwv/ Nhlp
dqg Pdgkdydq +4<<:, iru shu0wudgh frvwv/ dqg Shurog +4<;;, iru wkh phwkrgrorj| ehklqg wkhvh fdofxodwlrqv1
5:
derxw wkh wuxh ydoxhv ri ^/ ^ E2D/ jk/ ru k> wklv nlqg ri dqdo|vlv zrxog uhtxluh dq xqeldvhg
vdpsoh +rxuv lv qrw, dqg dq dgglwlrqdo dgmxvwphqw iru ghshqghqflhv dfurvv pdqdjhuv1 Wkxv/
zh duh qrw dwwhpswlqj wr vd| zkdw sulru eholhiv vkrxog eh1 Udwkhu/ rxu jrdo lv wr ehwwhu
xqghuvwdqg krz wkhvh sulru eholhiv pdwwhu iru lqihuhqfh dqg ghflvlrq0pdnlqj1
Jlyhq sulru eholhiv/ wkh qh{w vwhs lv wr frpelqh wkhvh eholhiv zlwk wkh gdwd dqg fdofxodwh
srvwhulru eholhiv1 Dv dq h{dpsoh/ frqvlghu wkh Jxdugldq Sdun Dyhqxh ixqg +Fodvv D vkduhv,1
Fkduohv Doehuv pdqdjhg wkh ixqg iurp Mxo| 4<:5 wkurxjk wkh hqg ri rxu vdpsoh lq Ghfhpehu
4<<91 +Kh vxevhtxhqwo| ohiw wr pdqdjh dqrwkhu ixqg1, Ryhu wklv vdpsoh shulrg/ wkh ixqg
hduqhg dq 	k ri 5719 es shu prqwk1 Wkh vwdqgdug huuru rq wklv k hvwlpdwh lv ;18 es1 Li zh
shuirup d iuhtxhqwlvw whvw ri wkh qxoo k|srwkhvlv wkdw k lv }hur/ zh rewdlq d R0ydoxh ri 313351
Krz glhuhqw duh srvwhulru eholhiv zkhq xvlqj dq lqiruphg sulru iru kB Frpelqlqj
Jxdugldq*v 4<<9 prqwko| ihhv ri 91; es zlwk rxu dvvxpswlrq wkdw wudqvdfwlrqv frvwv duh vl{
es/ wkh sulru phdq iru Jxdugldq*v k lv htxdo wr 451; es14< +Doo vwdwhphqwv derxw sulru
h{shfwdwlrqv duh pdgh frqglwlrqdo rq j2 ’ r2 ’ ffff2b1, Lqiruphg sulru eholhiv whqg wr
vkulqn k wrzdugv lwv sulru phdq1 Iru jrrg shuiruphuv/ wklv vkulqndjh whqgv wr eh vwurqjhu
wkh vpdoohu duh ^ dqg ^ E2D1 Dv dq looxvwudwlrq/ frqvlghu wkh fdvh zkhuh ^ ’ fff1 Wkxv/
wkh lqyhvwru eholhyhv wkdw rqo| rqh lq 4333 pdqdjhuv grhv dq| ehwwhu wkdq mxvw wkurzlqj
gduwv dw wkh vwrfn wdeohv1 Kroglqj ^ frqvwdqw dw fff/ Iljxuh 6 sorwv Jxdugldq*v k dv d
ixqfwlrq ri wkh iuhh sdudphwhu/ ^ E2D1 Wkh kljkhu lv ^ E2D/ wkh pruh sulru suredelolw| wkh
lqyhvwru lv sodflqj rq k : 2D es shu prqwk1 Uhfdoo wkdw @ dgmxvwv iru glhuhqw ohyhov ri
4< Jxdugldq dovr kdg d pd{lpxp ordg ihh ri 783 edvlv srlqwv lq 4<<9/ exw wklv ihh fdq riwhq eh zdlyhg iru
vrph fxvwrphuv1 Pdq| ri wkh rwkhu wrs shuiruplqj ixqgv gr qrw fkdujh dq| ordg ihhv1
5;
^ E2D/ vr wkdw wkh sulru phdq ri k lv dozd|v htxdo wr 2H es1 Wkh jxuh fryhuv wkh udqjh
^ E2D 5 dfc ffffo1 Iru wkh yhu| vpdoohvw ohyhov ri ^ E2D/ k lv zhljkwhg khdylo| wrzdugv wkh
sulru phdq dqg lv qhjdwlyh1 Wklv qhjdwlyh udqjh lv yhu| vpdoo/ krzhyhu/ dqg k lv srvlwlyh
iru doo ydoxhv ri ^ E2D juhdwhu wkdq ffffff.1 E| wkh wlph zh uhdfk ^ E2D ’ ffff/ k lv 4;
edvlv srlqwv1 Wkxv/ li dq lqyhvwru eholhyhv wkdw rqh pdqdjhu lq d 4333 kdv vnloo/ dqg rqh lq
43/333 kdv vx!flhqw vnloo vr wkdw wkhlu k lv juhdwhu wkdq 58 edvlv srlqwv shu prqwk/ wkhq wkh
srvwhulru phdq iru Jxdugldq zrxog eh 4; es1
Zk| grhv wkh srvwhulru phdq ri Jxdugldq frqyhujh vr txlfno| wr wkh iuhtxhqwlvw hvwlpdwh
ri 2eS esB Wkh pdlq uhdvrq lv wkdw wkh srlqw pdvv iru dq xqvnloohg pdqdjhu rffxuv dw 2H
es/ dqg wklv lv yhu| idu iurp wkh iuhtxhqwlvw hvwlpdwh ri 2eS1 +Lq iuhtxhqwlvw whupv/ lw lv doprvw
wzr vwdqgdug ghyldwlrqv wr wkh ohiw ri }hur1, Wkxv/ wkh srvwhulru suredelolw| ri vnloo iru wklv
pdqdjhu/ ^/ lv xsgdwhg frqvlghudeo|/ hyhq iru yhu| orz ohyhov ri ^ dqg ^E2D1
Dv lpsuhvvlyh dv Jxdugldq*v shuirupdqfh lv/ lw lv qrw wkh ehvw lq wkh vdpsoh1 Lq jhqhudo/
wkh ehvw shuiruplqj pdqdjhuv dw orz ohyhov ri ^ E2D duh wkrvh zlwk d srvlwlyh dqg vljqlfdqw
	k dqg d orqj klvwru| ri uhwxuqv1 Olnh Jxdugldq/ wkhvh pdqdjhuv whqg wr kdyh orz iuhtxhqwlvw
vwdqgdug huuruv iru wkhlu 	k hvwlpdwhv/ dqg odujh xsgdwhv iru wkhlu suredelolw| ri vnloo1 Iljxuh
7 sorwv wkh kljkhvw dqg whqwk kljkhvw k dprqj doo pdqdjhuv iru ^ E2D 5 dfc ffffo/ kroglqj
^ frqvwdqw dw fff153 Dv vhhq lq wkh jxuh/ wkh ehvw shuiruplqj pdqdjhu*v k ehfrphv
srvlwlyh dw derxw ^ E2D ’ ffffff/ dqg wkh whqwk0ehvw pdqdjhu ehfrphv srvlwlyh dw derxw
53 Rxu irfxv rq wkh ehvw pdqdjhuv grhv qrw uxq lqwr wkh vwdwlvwlfdo gl!fxowlhv wkdw zrxog rffxu lq d
iuhtxhqwlvw dqdo|vlv1 Khuh/ wkh dvvxpswlrqv glvfxvvhg lq Vhfwlrq LL1H lpso| wkdw lqirupdwlrq derxw pdqdjhu
l grhv qrw whoo xv dq|wklqj derxw pdqdjhu m1 Wkxv/ frqglwlrqlqj rq wkh ehvw ru whqwk0ehvw pdqdjhu grhv
qrw dhfw lqihuhqfh derxw srvwhulru phdqv iru wkrvh pdqdjhuv1 Hhfwlyho|/ rxu sulru eholhiv vhuyh wkh vdph
uroh dv wkh h{srqhqw xvhg lq wkh fdofxodwlrq ri +79,1
5<
^ E2D ’ fffffbe1 Dw ^ E2D ’ ffff/ wkh ehvw shuiruplqj pdqdjhu kdv dq k ri 57 es/ dqg
wkh whqwk ehvw shuiruplqj pdqdjhu kdv dq k ri 5 es1
Lq Iljxuh 7/ wkh xvh ri d {hg ^ ’ fff lv grqh rqo| wr surylgh d frqflvh h{dpsoh1
Zh frxog gudz wklv jxuh iru dq| rwkhu ohyho ri ^1 Lq hyhu| fdvh/ li ^ : fffff2 dqg
^ E2D : fffff/ wkhuh lv dw ohdvw rqh pdqdjhu zlwk k : f1 Wkxv/ dv orqj dv wkh lqyhvwru
eholhyhv wkdw dw ohdvw wzr lq 433/333 pdqdjhuv kdv vnloo/ dqg rqh lq 433/333 pdqdjhuv kdv
dq k ri dw ohdvw 58 es/ wkhq vkh zloo lqyhvw lq dw ohdvw rqh pdqdjhu1 Lq d iuhtxhqwlvw whvw/
vxfk vpdoo ydoxhv ri ^ dqg ^ E2D zrxog eh vwdwlvwlfdoo| lqglvwlqjxlvkdeoh iurp ^ ’ ^ E2D ’ fc
hyhq lq xqeldvhg vdpsohv idu odujhu wkdq fdq fxuuhqwo| eh frqvwuxfwhg1 Lq rwkhu zrugv/ hyhq
wkrxjk zh frxog qrw uhmhfw wkdw wkh ehvw shuirupdqfh zdv gxh wr fkdqfh +lq +79,,/ wklv whvw
kdv yhu| olwwoh srzhu djdlqvw wkh dowhuqdwlyh wkdw ^ ’ fffff2 dqg ^E2D ’ fffff1 Wkxv/
zh frqfoxgh wkdw }hur lqyhvwphqw lq dfwlyh pdqdjhuv fdqqrw eh mxvwlhg vroho| rq wkh edvlv
ri wkh vwdwlvwlfdo hylghqfh1
G1 Glvfxvvlrq
D qdwxudo qh{w vwhs zrxog eh wr txdqwli| wkh h{shfwhg orvvhv wr dq lqyhvwru zkr ljqruhg
dfwlyh pdqdjhuv lq idyru ri wkh ehqfkpdunv1 Wr fduu| rxw wklv dqdo|vlv/ rqh zrxog qhhg d ixoo
suhglfwlyh glvwulexwlrq iru erwk ehqfkpdun dqg pdqdjhu uhwxuqv +dv glvfxvvhg lq Dsshqgl{
E,/ d xwlolw| ixqfwlrq/ dqg d frpsohwh ghvfulswlrq ri wkh wudglqj hqylurqphqw154 Zkloh
d frpsohwh wuhdwphqw ri wklv sruwirolr0fkrlfh sureohp lv rxwvlgh wkh vfrsh ri rxu sdshu/
vlpsoh fdofxodwlrqv vxjjhvw wkdw hyhq uhodwlyho| orz ohyhov ri ^ E2D pljkw ohdg wr vljqlfdqw
54 Vhh Sävwru +4<<<, dqg Sävwru dqg Vwdpedxjk +4<<<e, iru h{dpsohv ri wklv txdqwlfdwlrq1
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lqyhvwphqw lq dfwlyh pdqdjhuv iru doo exw wkh prvw ulvn0dyhuvh lqyhvwruv1 Hyhq ryhu wkh
olplwhg udqjh ri ^ E2D frqvlghuhg lq Iljxuh 7/ wkhuh duh pdq| pdqdjhuv zlwk srvlwlyh ydoxhv
ri k wkdw dovr kdyh srvwhulru vwdqgdug ghyldwlrqv +iru k, dqg uhvlgxdo vwdqgdug ghyldwlrqv Ej
ri vlplodu pdjqlwxghv1 Hvvhqwldoo|/ wkh wudgh0r frphv grzq wr d pd{lpxp h{shfwhg orvv
ri ihhv dqg frvwv li wkh ehvw pdqdjhuv wxuq rxw wr eh xqvnloohg yhuvxv wkh srwhqwldo h{shfwhg
jdlq ri vhyhudo wlphv wklv dprxqw li wkh pdqdjhu lv vnloohg1
Rxu dqdo|vlv dvvxphg wkdw SJr|zdv nqrzq dqg htxdo wr vl{ es shu prqwk iru doo pdqdjhuv1
Krz vhqvlwlyh duh rxu uhvxowv wr wklv dvvxpswlrqB Vxssrvh iru h{dpsoh/ wkdw zh kdg xvhg
< es dv rxu edvholqh ohyho1 Wkhq/ iru dq| jlyhq ohyho ri ^ dqg ^ E2D/ k vkliwv wr wkh ohiw/
exw jk lqfuhdvhv +lq rughu wr pdlqwdlq wkh vdph suredelolw| wkdw k lv juhdwhu wkdq 58 es,1
Wklv hhfw fdq eh vhhq e| frpsdulqj wkh wklug froxpq ri Sdqhov D dqg E lq Wdeoh L1 Iru
wkh ehvw shuiruplqj ixqgv/ wkh vhfrqg hhfw whqgv wr grplqdwh dqg k ehfrphv kljkhu ryhu
prvw ri wkh udqjh ri Iljxuh 71 Lq idfw/ wkh prvw frqvhuydwlyh srvvleoh uhvxowv iru wkh ehvw
shuiruplqj ixqgv rffxu li zh dvvxph SJr| lv }hur1 Hyhq lq wklv xquhdolvwlf fdvh/ krzhyhu/ wkh
uhvxowv duh txdolwdwlyho| vlplodu wr wkh 9 es fdvh1 Li SJr| lv xqfhuwdlq/ wkhq zh fdqqrw rewdlq
dqdo|wlfdo vroxwlrqv exw rxu lqwxlwlrq lv wkdw wkhvh hhfwv zrxog eh vhfrqg0rughu frpsduhg
wr vkliwlqj wkh edvholqh ohyho1 Iru h{dpsoh/ xqfhuwdlqw| durxqg 9 es vkrxog qrw kdyh d odujhu
hhfw wkdq wkh prvw frqvhuydwlyh srvvleoh vkliw wr 3 es1 Glhuhqw dvvxpswlrqv derxw SJr|
zrxog/ krzhyhu/ dhfw lqihuhqfh derxw srruo| shuiruplqj ixqgv/ exw wklv lv qrw wkh pdlq
vxemhfw ri rxu dqdo|vlv1
Rqh srvvleoh fulwlflvp ri rxu uhvxowv lv wkdw wkh| duh gulyhq e| wkh uhvwulfwlrqv ri rxu
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sdudphwulf vwuxfwxuh1 Lq sduwlfxodu/ rqh pljkw eholhyh wkdw uhwxuqv kdyh idwwhu wdlov wkdq gr
d qrupdo glvwulexwlrq/ dqg wkdw wkh ehvw0shuiruplqj pdqdjhuv zrxog qrw orrn dv jrrg li zh
wrrn wklv lqwr dffrxqw1 Zkloh zh fdqqrw rewdlq dqdo|wlfdo vroxwlrqv xvlqj idwwhu0wdlohg uhwxuq
glvwulexwlrqv/ lw lv srvvleoh wr jdxjh wkh hhfw ri idw wdlov e| orrnlqj dw vlpxodwhg gdwd1 Zh
vlpxodwhg whq |hduv ri uhwxuqv iru 4333 ixqgv xqghu wkuhh srvvleoh glvwulexwlrqv iru uhwxuqv=
qrupdo/ |0glvwulexwhg zlwk 43 ghjuhhv ri iuhhgrp/ dqg |0glvwulexwhg zlwk 6 ghjuhhv ri iuhhgrp1
Lq hdfk fdvh/ zh vhw ^ ’ f/ vr wkdw qr ixqg kdg dq| vnloo1 Zh wkhq uhsolfdwhg Iljxuh 7 iru
wkhvh gdwd1 Wkh uhvxowv vkrz yhu| olwwoh glhuhqfh dfurvv wkh wkuhh uhwxuq glvwulexwlrqv155
Wkh uhvxowv ri wklv vhfwlrq duh edvhg rq d vshflf shuirupdqfh0hydoxdwlrq prgho/ exw
rwkhu srsxodu prghov ohdg wr wkh vdph txdolwdwlyh frqfoxvlrqv156 D pruh vhulrxv frqfhuq
lv rxu uholdqfh rq d idfwru prgho zlwk {hg sdudphwhuv1 Lw lv zhoo0nqrzq wkdw vxffhvvixo
wlplqj delolw|/ dv pdqlihvwhg e| fkdqjhv lq ehwdv lq uhvsrqvh wr lqiruphg iruhfdvwv ri idfwru
uhwxuqv/ zloo lqgxfh eldv lq wkh hvwlpdwlrq ri doskdv1 Wr ghdo zlwk wklv frqfhuq/ wkh phwkrgv
ghyhorshg khuh frxog eh h{whqghg wr frqglwlrqdo idfwru prghov1 Rxu surfhgxuhv dovr dvvxph
wkdw doskdv duh frqvwdqw ryhu d pdqdjhu*v fduhhu1 Rqh frxog dujxh wkdw dv pdunhwv jurzpruh
frpshwlwlyh/ zh vkrxog h{shfw doskdv wr vkulqn iru vnloohg pdqdjhuv1 Dovr/ dv pdqdjhuv djh
dqg2ru wkhlu sruwirolrv jurz/ wkh| pd| kdyh glhuhqw delolwlhv/ lqfhqwlyhv/ dqg rssruwxqlwlhv/
dqg wkhlu wuxh doskd pd| fkdqjh1 Vxfk srvvlelolwlhv dgg pruh glphqvlrqv wr wkh vsdfh ri
sulru eholhiv/ exw zh grxew wkdw wkh pdlq frqfoxvlrq zloo fkdqjh  wkh sulru eholhiv qhfhvvdu|
55 Ghwdlov ri wkhvh vlpxodwlrqv duh dydlodeoh iurp wkh dxwkruv1 Zkloh wkh uhvxowv duh qrw gluhfwo| frpsdudeoh
wr wkrvh ri wkh dfwxdo gdwd vhw/ lw lv lqwhuhvwlqj wr qrwh wkdw iru t @ 3=334 +dv lq Iljxuh 7, qr vlpxodwhg
pdqdjhu kdg d srvlwlyh  iru dq| t +58, ? 3=33371
56 Uhvxowv iru wkh FDSP dqg wkh 70idfwru prgho +Fdukduw +4<<:,, duh dydlodeoh iurp wkh dxwkruv1
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wr vxssruw lqyhvwphqw lq dfwlyh pdqdjhuv duh yluwxdoo| lqglvwlqjxlvkdeoh iurp hlwkhu qr
vnloo ru qr shuvlvwhqfh ri vnloo1
H1 Frpsdulvrq ri iuhtxhqwlvw dqg Ed|hvldq uhvxowv
Lq Vhfwlrq L/ zh vkrz krz d qdlyh gdwd0gulyhq dssurdfk ohdgv wr srvlwlyh lqyhvwphqw lq
dq dfwlyh pdqdjhu zkhqhyhu klv 	k lv srvlwlyh1 Wklv frxqwhulqwxlwlyh rxwfrph prwlydwhv d
Ed|hvldq dssurdfk zlwk lqiruphg sulruv1 Lq wklv vhfwlrq/ zh lpsohphqw d Ed|hvldq dssurdfk
+Vhfwlrq LLL1F, dqg qg srvlwlyh lqyhvwphqw iru doo exw wkh prvw vnhswlfdo sulru eholhiv1 Iru
wklv vdph vdpsoh/ zh vkrz +Vhfwlrq LLL1E, wkdw wkh ehvw shuirupdqfh glg qrw vhhp wrr
h{wuhph iru wkh vdpsoh vl}h1 Krz fdq zh uhfrqfloh wkh Ed|hvldq dqg iuhtxhqwlvw uhvxowvB
Lq iuhtxhqwlvw odqjxdjh/ rqh fdq ehjlq wr uhfrqfloh wkh uhvxowv e| uhfrjql}lqj wkdw wkh
qxoo k|srwkhvlv lv glhuhqw lq wkh wzr dqdo|vhv1 Lq wkh iuhtxhqwlvw whvw ri +79,/ wkh qxoo
k|srwkhvlv lv wkdw k lv }hur iru doo pdqdjhuv1 Wkhuh duh pdq| pdqdjhuv zlwk orz R0ydoxhv
rq wklv whvw/ exw qrqh vr orz vr wkdw zh fdq uhmhfw wkh qxoo1 Lq wkh Ed|hvldq dqdo|vlv/ wkh
hhfwlyh qxoo k|srwkhvlv ri qr vnloo rffxuv dw d qhjdwlyh ohyho ri k> iru vrph pdqdjhuv/ wklv
ohyho pd| eh wzr vwdqgdug ghyldwlrqv wr wkh ohiw ri }hur1 Lq wkh Ed|hvldq dqdo|vlv/ ghjuhhv ri
uhmhfwlrq ri wkh qxoo ohdg xv wr xsgdwh wkh srvwhulru suredelolw| ri vnloo/ dqg wkhvh uhmhfwlrqv
pd| eh pxfk vwurqjhu wkdq li wkh qxoo zhuh dw }hur1
Dqrwkhu frqvlghudwlrq lq uhfrqflolqj wkh iuhtxhqwlvw dqg Ed|hvldq uhvxowv lv wkh uhfrj0
qlwlrq wkdw lqvljqlfdqw hylghqfh pd| kdyh odujh lqyhvwphqw lpsolfdwlrqv1 Wklv srlqw lv
uvw pdgh/ lq dqrwkhu frqwh{w/ e| Ndqgho dqg Vwdpedxjk +4<<9,1 Wkh grzqvlgh ri fkrrvlqj
dq dfwlyh pdqdjhu lv wkdw kh pd| eh xqvnloohg1 Lq h{shfwdwlrq/ wkh lqyhvwru zloo wkhq kdyh
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sdlg wkh h{shqvhv iru qrwklqj1 Wklv h{shfwhg grzqvlgh lv olplwhg1 Wkh xsvlgh ri vnloohg
pdqdjhphqw lv srwhqwldoo| pxfk odujhu1 Hyhq li wkh ehvw shuiruphuv lq wkh vdpsoh duh qrw
vljqlfdqwo| h{wuhph/ wkh| pd| vwloo eh vx!flhqwo| h{wuhph wr mxvwli| wkhlu h{shqvhv1
LY1 Frqfoxvlrq
Vkrxog lqyhvwruv dyrlg doo dfwlyho| pdqdjhg pxwxdo ixqgvB Wkh dyhudjh dfwlyh ixqg xq0
ghushuirupv lqgh{ ixqgv rq d ulvn0dgmxvwhg edvlv1 Vnloohg pdqdjhphqw/ li lw h{lvwv dw doo/ lv
gl!fxow wr ghwhfw1 Zkhq zh dqdo|}h d vdpsoh ri 476: pdqdjhuv h{wdqw dw wkh hqg ri 4<<9/
zh fdqqrw uhmhfw wkh qxoo k|srwkhvlv wkdw wkh ehvw shuirupdqfh lv gxh wr fkdqfh1 Wkhvh idfwv
e| wkhpvhoyhv pljkw ohdg lqyhvwruv wr vkxq dfwlyho| pdqdjhg ixqgv1 Rxu dqdo|vlv vkrzv
wkdw wklv frqfoxvlrq lv suhpdwxuh1 Jlyhq rxu fxuuhqw phwkrgv ri shuirupdqfh hydoxdwlrq/
wkh sulru eholhiv qhfhvvdu| wr vxssruw vrph lqyhvwphqw lq dfwlyh pdqdjhuv frxog qrw srvvl0
eo| eh glvwlqjxlvkhg iurp }hur vnloo dprqj pdqdjhuv xqohvv zh frxog revhuyh kxqguhgv ri
wkrxvdqgv ri pdqdjhuv ryhu pdq| ghfdghv1 Wkxv/ zh frqfoxgh wkdw wkh fdvh djdlqvw dfwlyho|
pdqdjhg ixqgv fdqqrw uho| vroho| rq wkh vwdwlvwlfdo hylghqfh1
Rxu dqdo|vlv grhv qrw lqfoxgh hohphqwv ri wkh lqyhvwru*v ghflvlrq vxfk dv ordg ihhv/ wd{hv/
dqg olplwdwlrqv rq vkruw vdohv1 Ixuwkhupruh/ qrerg| nqrzv wkh fruuhfw prgho ri shuirupdqfh
hydoxdwlrq1 Jlyhq wkhvh olplwdwlrqv/ zh gr qrw fodlp wr surylgh d ghqlwlyh dqdo|vlv ri wkh
sruwirolr0fkrlfh ghflvlrq1 Prvw lqyhvwruv pd| eh ehvw vhuyhg e| vlpsoh uxohv0ri0wkxpe/ hvsh0
fldoo| li wkh| gr qrw srvvhvv wkh glvflsolqh ru whfkqrorj| wr lpsohphqw vrsklvwlfdwhg wudglqj
vwudwhjlhv1 Qhyhuwkhohvv/ zh eholhyh wkdw wkh lqyhvwru*v shuvshfwlyh prwlydwhv wkh lpsru0
wdqfh ri xvlqj lqiruphg sulru eholhiv lq d Ed|hvldq phwkrg ri shuirupdqfh hydoxdwlrq1 Wklv
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phwkrg surylghv d qhz ohqv rq wkh shuirupdqfh0hydoxdwlrq hylghqfh/ zlwk wkh qdo lpdjh lq
vkdus frqwudvw wr iuhtxhqwlvw uhvxowv1
Dsshqgl{
D1 Ghwdlov iru Vhfwlrq LL1G1
Wkurxjkrxw wklv Dsshqgl{/ zh dvvxph dq lqirupdwlyh sulru rq j2/ dqg/ dv lq wkh wh{w/ d
glxvh +lpsurshu, sulru rq q=
REq 2 c +7:,
REj2 2

jDfn2
i T
+

f
2j2
,
 +7;,
Uhvxowv lq wkh wh{w fdq eh rewdlqhg e| vxevwlwxwlqj Df ’ f dqg f ’ f lqwr wkh h{suhvvlrqv
ehorz1 Rwkhuzlvh/ wkh vhwxs lv wkh vdph dv lq Vhfwlrq LL/ dqg zh pdnh xvh ri wkh vdph
qrwdwlrq1
Wkh olnholkrrg iru idfwruv/ xqvshflhg lq wkh wh{w/ lv dvvxphg wr wdnh wkh iroorzlqj irup=
RE8| m >8 cP8  ’ E>8 cP8 c +7<,
zlwk uhdol}dwlrqv lqghshqghqw dfurvv |1 Wkh sulru rq >8 dqg P8 lv dvvxphg wr eh glxvh=
RE>8 cP8  2 mP8 m
3
gn
2  +83,
Wklv dvvxpswlrq lv pdgh iru qrwdwlrqdo frqyhqlhqfh dqg/ h{fhsw iru wkh glvfxvvlrq ri wkh
suhglfwlyh glvwulexwlrq ehorz/ grhv qrw dhfw rxu uhvxowv1
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Ghulydwlrq ri wkh srvwhulru glvwulexwlrq iru k=
Iurp Ed|hv* uxoh/ wkh mrlqw srvwhulru iru Ewc j2c >8 cP8  lv jlyhq e|=
REwc j2c >8 cP8 m oc 8  2 REo m wc j
2c 8 RE8 m >8 cP8 REwc j
2RE>8 cP8 
2 REwc j2 m oc 8 RE>8 cP8 m 8 c +84,
zkhuh zh kdyh xvhg wkh sulru lqghshqghqfh ri Ewc j2 dqg E>8 cP8 / dqg wkh idfw wkdw wkh
olnholkrrg iru o frqglwlrqdo rq idfwruv ghshqgv rqo| rq w dqg j2/ zkloh wkh olnholkrrg iru wkh
idfwruv ghshqgv rqo| rq E>8 cP8 1 Wkhuhiruh/ Ewc j
2/ dqg E>8 cP8  duh lqghshqghqw lq wkh
srvwhulru1
Wkh deryh dujxphqwv lpso|
REwc j2 m oc 8  2 REo m wc j2c 8 REwc j2 +85,
Ehfdxvh ~ lv lqghshqghqw iurp E>8 cP8  lq wkh sulru/ dqg ehfdxvh wkh olnholkrrg iru idfwruv
grhv qrw ghshqg rq ~/ wkh htxdwlrqv deryh duh dovr ydolg frqglwlrqdo rq d ydoxh ri ~1 Zh
zloo pdnh xvh ri +85, wkurxjkrxw wklv Dsshqgl{1
Wkh olnholkrrg iru o frqglwlrqdo rq idfwruv lv jlyhq e|=
REo m wc j2c 8  2

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c +86,
zkhuh 7/ w/ 	w/ dqg f duh ghqhg dv lq Vhfwlrq LL1G1
Frpelqlqj wkh olnholkrrg dqg wkh sulru |lhogv=
REwc j2 m ~ ’ c oc 8  2

jDfnAn2

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Lqwhjudwlqj zlwk uhvshfw wr q |lhogv=
REkc j2 m ~ ’ c oc 8 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Frpsohwlqj wkh vtxduh lq k |lhogv=
REkc j2 m ~ ’ c oc 8  2
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Frqglwlrqdo rq j2/ doo whupv lqyroylqj j2 +dv zhoo dv doo whupv lqyroylqj rqo| wkh gdwd/ vxfk
dv 	k dqg 7,/ fdq eh frqvlghuhg frqvwdqwv1 Wkhuhiruh/
REk m j2c ~ ’ c oc 8  2 i T



2j2
Ek k2

k:kc +8;,
dqg zh kdyh vkrzq +4<,1
Lq vslwh ri wkh wuxqfdwlrq/ wkh ixqfwlrqdo irup ri wkh srvwhulru lv wkdw ri d frqmxjdwh sulru
glvwulexwlrq1 Wkhuhiruh/ j2 fdq eh lqwhjudwhg rxw ri +89, xvlqj wkh surshuwlhv ri wkh jdppd
glvwulexwlrq +vhh/ h1j1/ Jhopdq hw do1 +4<<8,,1 Ghqh d fkdqjh ri yduldeohv  ’ 
2
j32/ zkhuh
 ’  n Eb63Ek  k21 Wkh uhvxowlqj ixqfwlrq ri  lv wkh sgi ri d jdppd glvwulexwlrq
zlwkrxw wkh qrupdol}lqj frqvwdqw=
REk m ~ ’ c oc 8  2
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Xvlqj wkh sursruwlrqdolw| frqvwdqw iru wkh jdppd glvwulexwlrq/ dqg glylglqj wkurxjk e| 
|lhogv=
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zklfk lv sursruwlrqdo wr wkh sgi ri d |0glvwulexwlrq1 Wkhuhiruh/
REk m ~ ’ c oc 8  2 |D
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Ghulydwlrq ri wkh srvwhulru h{shfwdwlrq hk frqglwlrqdo rq vnloo=
Ehfdxvh REk m ~ ’ c oc 8  pxvw lqwhjudwh wr 4=
REk m ~ ’ c oc 8  ’
U
"
k |D

k(kc b6
D

_k
|D
#
k(kc
b6
D
$
k:k +95,
Ohw | ’
U
"
k |D Ekc k
c b6*D _k1 Wkhq
.dk m ~ ’ c oc 8 o ’

|
KED n *2
KED*2
v
b6
2Z
]
"
k
k
#
 n
Ek k2
b6
$
3
Dn
2
_k
’ k n

|
KED n *2
KED*2
v
b6
2Z
#
 n
Ek k2
b6
$
3
D3
2
’ k n
b6
D  2
|D32
#
k(kc
b6
D  2
$
U
"
k |DEk(k
c b6
D32
 _k
 +96,
Wkh uvw olqh iroorzv iurp wkh sgi ri wkh | glvwulexwlrq/ dqg wkh odvw iurp pxowlso|lqj dqg
glylglqj e| wkh qhfhvvdu| frqvwdqwv1
Ghulydwlrq ri =
Xqghu rxu dvvxpswlrqv/ REwc j2 m ~ ’ c 8  ’ REwc j2 m ~ ’ 1 Wkhuhiruh/
REo m ~ ’ c 8  ’
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 _w _j2 +97,
6;
Vxevwlwxwlqj lq iru wkh olnholkrrg dqg wkh sulru dqg lqwhjudwlqj zlwk uhvshfw wr q |lhogv=
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zkhuh  lv d frqvwdqw wkdw lv lghqwlfdo iru ~ ’  dqg ~ ’ f1 Frpsohwlqj wkh vtxduh lq k
|lhogv=
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Wkh irup ri wkh htxdwlrq lv wkh vdph dv lq +89,1 Dv deryh/ wkh surshuwlhv ri wkh jdppd
glvwulexwlrq duh xvhg wr lqwhjudwh rxw j2=
REo m ~ ’ c 8  ’ 
v
2
Z
r
jk
#

2
$
3
Dn
2
K

D n 
2
]
"
k
#
 n
Eb63Ek k2
DE*D
$
3
Dn
2
_k +9:,
Wkh whup lqvlgh wkh lqwhjudo lv sursruwlrqdo wr d |0glvwulexwlrq1 Wkhuhiruh/
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Wkh fdofxodwlrq iru ~ ’ f iroorzv dorqj wkh vdph olqhv1 Dv deryh/ diwhu lqwhjudwlqj rxw
zlwk uhvshfw wr q/ zh rewdlq=
REo m ~ ’ fc 8  ’ 
] 
jDn2
i T
+


2j2
#
7 n f n
E	k k2
6
$,
_j2 +9<,
Lqwhjudwlqj zlwk uhvshfw wr j2 |lhogv=
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Erwk wkh qxphudwru dqg wkh ghqrplqdwru duh sursruwlrqdo wr d |0glvwulexwlrq zlwk D  
ghjuhhv ri iuhhgrp +lq rqh fdvh/ k zdv nqrzq/ zkloh lq wkh rwkhu fdvh zh lqwhjudwhg zlwk
uhvshfw wr k,1 Pxowlso|lqj dqg glylglqj e| d frqvwdqw |lhogv h{suhvvlrq +65, lq wkh wh{w1
E1 Gudzlqj iurp wkh suhglfwlyh glvwulexwlrq
Wklv vhfwlrq ghvfulehv krz wr gudz iurp wkh mrlqw suhglfwlyh glvwulexwlrq iru o dqg 8 1
Zh uvw vkrz krz wr gudz iurp srvwhulru glvwulexwlrq ri Ekc qc j21 Wklv lv grqh e| uvw
gudzlqj iurp wkh vnloohg glvwulexwlrq/ wkhq wkh xqvnloohg glvwulexwlrq/ dqg wkhq wkh ixoo
srvwhulru1 Ilqdoo|/ zh gudz iurp wkh suhglfwlyh glvwulexwlrq ri o dqg 8 frqglwlrqdo rq doo
sdudphwhuv1
Gudzlqj iurp wkh glvwulexwlrq frqglwlrqdo rq ~ ’  +vnloohg srvwhulru,=
Frqvlghu udqgrp yduldeohv j2 dqg k vxfk wkdw=
j2 m oc 8c ~ ’   UC
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Xvlqj wkh surfhgxuh deryh/ exw glvfduglqj wkh gudz zkhqhyhu k 	 k surgxfhv d glvwulexwlrq
wkdw kdv }hur pdvv zkhq k 	 k/ exw zkhuh wkh uhodwlyh ghqvlwlhv ri dq| rwkhu srlqwv duh
wkh vdph dv lq +:7,1 E| +89,/ wklv lv h{dfwo| wkh mrlqw glvwulexwlrq ri k dqg j21 Wkhuhiruh/
gudzlqj j2 iurp UCED*2c *2 dqg k m j2 ’ j2 iurp Ekc j2/ dqg glvfduglqj wkh gudzv
zkhqhyhu k 	 k/ surgxfhv d gudz iurp wkh mrlqw srvwhulru1
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Wkh srvwhulru iru q frqglwlrqdo rq k dqg j2 iroorzv iurp wkh surshuwlhv ri wkh pxowlyduldwh
qrupdo=
q m kc j2c oc 8c ~ ’   E	q n63+Ek 	kc j2E’63++c +:8,
zkhuh + dqg ’ duh vxepdwulfhv ri Ef f3=3
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FFFD  +:9,
Gudzlqj iurp wkh glvwulexwlrq frqglwlrqdo rq ~ ’ f +xqvnloohg srvwhulru,=
Lw iroorzv iurp wkh olnholkrrg dqg wkh sulru/ wkdw frqglwlrqdo rq ~ ’ f zh kdyh
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Frqglwlrqdo rq j2 dqg rq k ’ k/ q lv gudzq iurp +:8,1
Gudzlqj iurp wkh ixoo srvwhulru=
Iru dq| jlyhq gudz Ekc qc j/ wkhuh lv d suredelolw| ^ wkdw wkh gudz frphv iurp wkh
vnloohg srvwhulru/ dqg suredelolw|  ^ wkdw wkh gudz frphv iurp wkh xqvnloohg srvwhulru1 Ohw
 eh d gudz iurp wkh glvwulexwlrq zlwk xqlirup pdvv rq dfc o1 Li  	 ^/ wkhq Ekc qc j
lv gudzq iurp wkh vnloohg srvwhulru1 Rwkhuzlvh/ d gudz lv pdgh iurp wkh xqvnloohg srvwhulru1
Gudzlqj iurp wkh suhglfwlyh glvwulexwlrq
Iurp wkh olnholkrrg=
REoAn m wc j
2c 8An ’ Ekn 8Anqc j
2c +:;,
dqg
R E8An m >8 cP8  ’ E>8 cP8  +:<,
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Wkh iroorzlqj surfhgxuh surgxfhv gudzv iurp wkh suhglfwlyh glvwulexwlrq ri oAn1 Iluvw
gudz E>8 cP8  iurp wkhlu srvwhulru glvwulexwlrq +vhh Sävwru +4<<<,,/ wkhq gudz 8An iurp
+:<,/ frqglwlrqdo rq wkrvh ydoxhv ri >8 dqg P8 1 Qh{w gudz Ekc qc j
2 iurp wkh srvwhulru/ dv
ghvfulehg deryh1 Ilqdoo|/ gudz oAn iurp +:;,/ frqglwlrqdo rq wkrvh ydoxhv ri wkh sdudphwhuv/
dqg ri 8An1
F1 Ghulydwlrq ri wkh srvlwlyh0lqyhvwphqw frqglwlrq iru Vhfwlrq L dqg Vhfwlrq
LL1H1
Lq wklv Dsshqgl{ zh vkrz wkdw li dq dvvhw kdv d srvlwlyh srvwhulru h{shfwdwlrq ri k
+l1h1 k : f, wkhq wklv dvvhw zloo eh khog lq srvlwlyh txdqwlwlhv lq wkh phdq0yduldqfh wdqjhqf|
sruwirolr1 Wkh uhvxow lv ghprqvwudwhg uvw iru d vlqjoh dvvhw dqg wkhq h{whqghg wr wkh pxowlsoh
dvvhw fdvh ri Vhfwlrq LL1H1
Iluvw frqvlghu wkh vlqjoh0pdqdjhu fdvh1 Lq d Ed|hvldq vhwwlqj wkh dvvhw zhljkwv ri wkh
wdqjhqf| sruwirolr duh ghqhg e|3
EEEC
W
%W
4
FFFD ’
T 3 .
qrupdol}lqj frqvwdqw
c +;3,
zkhuh W dqg %W duh/ uhvshfwlyho|/ wkh rswlpdo zhljkwv rq wkh dfwlyh pdqdjhu dqg wkh
lqgh{ ixqgv dqg . dqg T duh/ uhvshfwlyho|/ wkh phdq dqg yduldqfh fryduldqfh pdwul{ ri
wkh suhglfwlyh glvwulexwlrq ri doo wkh dvvhwv +vhh Sävwru +4<<<,,1 Vxssrvh wkdw wkh uvw dvvhw
frqvlvwv ri wkh iroorzlqj sruwirolr=
 orqj wkh pdqdjhu
 vkruw wkh lqgh{ ixqgv zlwk zhljkwv htxdo wr q  . dq m oc 8 o 1
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Zh fdoo wklv dvvhw wkh doskd sruwirolr +dv lq Vhfwlrq LL1H,1 Vlqfh wklv sruwirolr lv d olqhdu
frpelqdwlrq ri wkh pdqdjhu dqg dq lqgh{ ixqgv/ zh gurs wkh pdqdjhu iurp wkh dqdo|vlv dqg
frqvlghu wkh uhpdlqlqj g n  sruwirolrv= g lqgh{ ixqgv dqg rqh doskd sruwirolr1 Li zh fdq
vkrz wkdw wkh doskd sruwirolr kdv d srvlwlyh zhljkw lq wkh wdqjhqf| sruwirolr ghqhg e| +;3,/
wkhq lw iroorzv wkdw wkh pdqdjhu zrxog kdyh d srvlwlyh zhljkw dv zhoo1
Frqglwlrqdo rq wkh sdudphwhuv dqg sdvw gdwd/ qh{w shulrg*v wrwdo uhwxuq rq wkh doskd
sruwirolr lv jlyhq e|
-An  kn

q  q

8An n 0Anc +;4,
zkloh qh{w shulrg*v uhwxuq rq wkh lqgh{ ixqgv lv
8An  >8 n #Anc +;5,
zkhuh 0An  Efc j
2 dqg #An  EfcP8  duh lqghshqghqw1 Lw iroorzv iurp wkh odz ri
lwhudwhg h{shfwdwlrqv wkdw wkh srvwhulru h{shfwdwlrq ri lqgh{0ixqg uhwxuqv lv jlyhq e|=
. d8An m oc 8 o ’ .
k
.
k
>8 n #An m >8 cP8 c oc 8
l
m oc 8
l
’ >8 c +;6,
zkhuh >8  . d>8 m oc 8 o 
Wkh suhglfwlyh h{shfwdwlrq iru wkh uhwxuq rq wkh doskd sruwirolr lv jlyhq e|=
. d-An m oc 8 o ’ .
k
kn

q  q

8An n 0An m oc 8
l
’ kn.
k
q  q

8An m oc 8
l
c +;7,
dqg/ iurp wkh srvwhulru lqghshqghqfh ri q dqg >8 / zh kdyh
. d-An m oc 8 o ’ kn.
k
.
k
q  q

8An m wc jc >8 cP8 c oc 8
l
m oc 8
l
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’ kn.
k
q  q

>8 m oc 8
l
’ k +;8,
Zh qh{w vkrz wkdw wkh suhglfwlyh fryduldqfh ehwzhhq wkh uhwxuqv wr lqgh{ ixqg  dqg wr
wkh doskd sruwirolr lv }hur1 Wkh suhglfwlyh h{shfwdwlrq ri wkh surgxfw ri wkh uhwxuqv lv jlyhq
e|
. d-An8cAn m oc 8 o ’ . d8cAnk m oc 8 o n.
k
8cAn

q  q

8An n 8cAn0An m oc 8
l
’ . dk. d8cAn m >8 cP8 c oc 8 o m oc 8 o n
.
k
Eq  q.d8cAn8An m >8 cP8 o m oc 8
l
’ k>c8 c +;9,
zkhuh 8cAn lv wkh qh{w shulrg uhwxuq rq lqgh{ ixqg  dqg >c8 lv wkh srvwhulru h{shfwdwlrq
ri lqgh{ ixqg 1 Wkh vhfrqg olqh iroorzv iurp wkh odz ri lwhudwhg h{shfwdwlrqv/ dqg wkh wklug
olqh iroorzv iurp srvwhulru lqghshqghqfh ri w dqg 8 +qrwh wkdw .d8cAn8An m >8 cP8 c oc 8 o
lv d ixqfwlrq ri hohphqwv ri >8 dqg P8 ,1 Wkhuhiruh/ wkh suhglfwlyh fryduldqfh ri 8An dqg
wkh qh{w shulrg uhwxuq rq doskd sruwirolr c ghqrwhg e| -cAnc lv }hur iru doo 1 Wkh vwuxfwxuh
ri T lv 3
EEEC
 f
f T22
4
FFFD c +;:,
zkhuh  lv wkh suhglfwlyh yduldqfh ri wkh uhwxuq rq wkh doskd sruwirolr dqg T22 lv wkh
suhglfwlyh yduldqfh ri wkh lqgh{ ixqgv1 Khqfh W 2 k*c zklfk lv srvlwlyh li dqg rqo| li
k : f1
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Qh{w frqvlghu wkh pxowlsoh0pdqdjhuv fdvh ri Vhfwlrq LL1H1 Qrz wkhuh duh  doskd sruw0
irolrv1 Iru vlpsolflw|/ zh nhhs wkh vdph qrwdwlrq dv deryh> T lv vwloo wkh suhglfwlyh yduldqfh0
fryduldqfh pdwul{/ dqg . lv vwloo wkh yhfwru ri phdqv1 Dvvxpswlrqv 4 dqg 5 +iurp Vhfwlrq
LL1H, lpso| wkdw wkh srvwhulru glvwulexwlrqv iru hdfk pdqdjhu duh lqghshqghqw1 Wkhuhiruh/
doo wkh fdofxodwlrqv deryh uhpdlq ydolg lq wkh fdvh ri pxowlsoh pdqdjhuv1 Lq sduwlfxodu/ wkh
fryduldqfh ri wkh uhwxuq rq dq| doskd sruwirolr zlwk dq| lqgh{ ixqg lv }hur1 Wkhuhiruh/ T
wdnhv wkh irup= 3
EEEC
T f
f T22
4
FFFD  +;;,
Pruhryhu/ wkh srvwhulru h{shfwdwlrq rq wkh | doskd sruwirolr lv htxdo wr k1 Iru wkh frq0
foxvlrq/ lw vx!fhv wr vkrz wkdw T lv gldjrqdo/ l1h1 wkdw wkh fryduldqfh ehwzhhq -cAn dqg
-cAn htxdov }hur iru dq|  9’ 1 Frqglwlrqlqj rq wkh ydoxhv ri wkh sdudphwhuv dqg xvlqj
wkh odz ri lwhudwhg h{shfwdwlrqv |lhogv=
. d-cAn-cAn m oc 8 o ’ .
k
.
k
Ek n Eq  q8AnEk n Eq  q8An m >8 cP8 c oc 8
l
m oc 8
l
’ .
k
.
k
kk n kEq  q8An
nkEq  q8An n Eq  q8An8

AnEq 
q
 m >8 cP8 c oc 8
l
m oc 8
l
’ kk +;<,
Wkh odvw htxdwlrq iroorzv ehfdxvh ri wkh srvwhulru lqghshqghqfh ri wkh pdqdjhu sdudphwhuv
iurp wkh lqgh{ ixqg sdudphwhuv/ dqg wkh sdudphwhuv iru pdqdjhu  iurp wkh sdudphwhuv
iurp pdqdjhu 1 Wkhuhiruh/ wkh srvwhulru fryduldqfh ehwzhhq -cAn dqg -cAn lv }hur/ dqg
wkh T lv gldjrqdo1 Wkxv/ wkhuh lv srvlwlyh lqyhvwphqw lq dq| pdqdjhu zlwk k : f1
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prior
•  ← 1- q
σ
α
α
(= a - cost - fee,
 where a<0)
_
Iljxuh 4=
Sulru glvwulexwlrq ri k
Iljxuh 4 looxvwudwhv wkh +frqglwlrqdo, sulru glvwulexwlrq iru k1 Sohdvh vhh
Vhfwlrq L iru d ghwdlohg glvfxvvlrq ri wkh sdudphwhuv lq wklv jxuh1 k lv
wkh lqwhufhsw lq d idfwru prgho +vhh htxdwlrq +4,,1 ^ lv wkh suredelolw| wkdw
d pdqdjhu lv vnloohg> frqglwlrqdo rq vnlooc zh kdyh k   Ekc j2
k
 zlwk d
ohiw wuxqfdwlrq dw k/ zkhuh k ’ @  see frvw lv wkh h{shfwhg deqrupdo
uhwxuq iru dq xqvnloohg pdqdjhu/ d lv wkh h{shfwhg qhjdwlyh uhwxuq iurp
wudqvdfwlrqv zlwk vnloohg pdqdjhuv/ dqg ihh dqg frvw duh wkh pdqdjhu*v ihhv
dqg wudqvdfwlrqv frvwv/ uhvshfwlyho|1 Qrwh wkdw wklv sorw frpelqhv d srlqw
pdvv dw k ’ k dqg d ghqvlw| iru k : k
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prior
posterior
•  1- q
σα
σ’ 
α
(= a - cost - fee,
 where a<0)
α
(= ML
 estimate)
•  1- q
α’ 
(= posterior mode |
 skill state, data)
• • 
 
E[α | skill
state, data]
   
~
^
_
Iljxuh 5=
Sulru dqg srvwhulru glvwulexwlrq ri k
Iljxuh 5 looxvwudwhv wkh sulru dqg srvwhulru glvwulexwlrqv iru k k lv wkh lqwhu0
fhsw lq d idfwru prgho +vhh htxdwlrq +4,,1 ^ lv wkh suredelolw| wkdw d pdqdjhu
lv vnloohg> frqglwlrqdo rq vnloo dqg j2 ’ r2c zh kdyh k   Ekc j2
k
 zlwk d ohiw
wuxqfdwlrq dw k/ zkhuh k ’ @  see frvw lv wkh h{shfwhg deqrupdo uhwxuq
iru dq xqvnloohg pdqdjhu/ d lv wkh h{shfwhg qhjdwlyh uhwxuq iurp wudqvdfwlrqv
zlwk vnloohg pdqdjhuv/ dqg ihh dqg frvw duh wkh pdqdjhu*v ihhv dqg wudqv0
dfwlrqv frvwv/ uhvshfwlyho|1 Frqglwlrqdo rq vnloo dqg j2 ’ r2/ wkh srvwhulru
glvwulexwlrq ri k lv  Ekc j2 zlwk d ohiw wuxqfdwlrq dw k1 ^ lv wkh srvwhulru
suredelolw| wkdw ~ ’ 1 	k lv wkh pd{lpxp olnholkrrg hvwlpdwh ri k Qrwh
wkdw wklv sorw frpelqhv d srlqw pdvv dw k ’ k dqg d ghqvlw| iru k : k
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Iljxuh 6=
Jxdugldq Sdun Dyhqxh Ixqg
k dv d ixqfwlrq ri ^ E2D zkhq ^ ’ fff
Iljxuh 6 vkrzv wkh uhodwlrq ehwzhhq k dqg ^ E2D iru ^ ’ fff iru wkh
Jxdugldq Sdun Dyhqxh Ixqg/ Fodvv D +Pdqdjhu= Fkduohv Doehuv,1 k lv wkh
lqwhufhsw lq wkh Idpd0Iuhqfk +4<<6, wkuhh0idfwru prgho +vhh htxdwlrq +78,,1
k lv wkh srvwhulru h{shfwdwlrq ri k ^ lv wkh suredelolw| wkdw d pdqdjhu lv
vnloohg> frqglwlrqdo rq vnloo dqg j2 ’ r2c zh kdyh k   Ekc j2
k
 zlwk d ohiw
wuxqfdwlrq dw k/ zkhuh k lv wkh h{shfwhg deqrupdo uhwxuq iru dq xqvnloohg
pdqdjhu1 ^ E2D   Ek : 2D m j2 ’ r21 Wkh sulru frqvwdqw r2 lv 313335<1
Wkh vdpsoh shulrg iru Jxdugldq Sdun Dyhqxh lv :2:5 0 452<91
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Iljxuh 7=
Wkh kljkhvw +wrs olqh, dqg whqwk kljkhvw +erwwrp olqh, k ryhu doo
pdqdjhuv zkhq ^ ’ fff
Iljxuh 7 sorwv wkh kljkhvw dqg whqwk kljkhvw k ryhu doo 476: pdqdjhuv iru
^ E2D 5 dfc ffffo dqg ^ ’ fff k lv wkh lqwhufhsw lq wkh Idpd0Iuhqfk
+4<<6, wkuhh0idfwru prgho +vhh htxdwlrq +78,,1 k lv wkh srvwhulru h{shfwdwlrq
ri k1 ^ E2D  h Ek : 2D m j2 ’ r2  Wkh sorw vkrzv wkh kljkhvw dqg whqwk
kljkhvw ydoxh ri k dprqj doo pdqdjhuv iru hdfk ohyho ri ^ E2D1 Wkh sulru
frqvwdqw r2 lv 313335<1
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Wdeoh L
Holflwdwlrq ri Sulru Eholhiv
Wklv wdeoh looxvwudwhv wkh pdsslqj iurp ^ E2D c ^/ ihh dqg frvw lqwr wkh sd0
udphwhuv j
k
c @ dqg k1 ^ E2D lv ghqhg dv  Ek : 2D m j2 ’ r2> ^ lv wkh
suredelolw| wkdw d pdqdjhu lv vnloohg> frqglwlrqdo rq vnloo dqg j2 ’ r2c zh
kdyh k   Ekc j2
k
 zlwk d ohiw wuxqfdwlrq dw k/ zkhuh k ’ @  see frvw
lv wkh h{shfwhg deqrupdo uhwxuq iru dq xqvnloohg pdqdjhu/ d lv wkh h{shfwhg
qhjdwlyh uhwxuq iurp wudqvdfwlrqv zlwk vnloohg pdqdjhuv/ dqg ihh dqg frvw
duh wkh pdqdjhu*v ihhv dqg wudqvdfwlrqv frvwv/ uhvshfwlyho|1 j
k
c @ dqg k duh
h{suhvvhg lq es shu prqwk> ^ E2D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